FURTHER
DIFFERENTIATION

In this chapter, you will review differentiation and learn how to differentiate trigonometric,
exponential and logarithmic functions, and inverse functions, including inverse trigonometric
functions. You will also look at higher derivatives and anti-derivatives.
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IN THIS CHAPTER YOU WILL:

review differentiation

differentiafe trigonometric functions

find the derivative of exponential and logarithmic functions

understand the notation and find second and further derivatives

identify and find anti-derivatives

EXT1 find derivatives of inverse functions including trigonometric functions
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anti-derivative: A function F(x) whose derivative ~ second derivative: The derivative /”(x) or ;

is f(w), that is, F"(x) = f(x). Also called the ?

primitive or integral function. . S, dy
anti-differentiation: The process of finding the the derivative of the derivative f'(x) or Ay

original function given its derivative.

Chain rule

dy d_)/ du d n 0 n—1

=L x— —[f@)]" = f )| f(x)

b L@ = £l f)

Product rule

Ify =uv, thend—yzv@+u@ or y=uv+vu.

de  dx  dx

Quotient rule

2 Y 2

v Loy o2
y=" then D o _de _dvr , ,_HO- U
v dx v v

Rates of change
The average rate of change between 2 points (x;, ;) and (x, y,) is the gradient:

Y2=N

X — X

The instantaneous rate of change at point (x, y) is the derivative f”(x) or ;lx—y

Water is pumped into a dam according to the formula Q = 37 + 2¢* + 270 where Q is the
amount of water in kL and # is time in hours. Find:

the amount of water in the dam after 6 hours
the average rate at which the water is pumped into the dam between 3 and 6 hours

the rate of change after 6 hours
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Q=32 +2£+270

When t=6
Q =3(6)’ + 2(6)* + 270
=990

So there is 990 kL of water in the dam after 6 hours.

When t=3 @=9t2+4t
Q=33) +2(3)? +270 dt
369 Whent=6
_ dQ
Average rate of change = &= T 9(6)" +4(6)
f2 =0 —348
~990-369
B So the rate of increase after 6 hours is
621 348 kL h'.
E
=207
So average rate of change is 207 kL h™".
Exercise 5.01 Differentiation review
1 Differentiate each function.
a 3 -2+7x-4 b 2x+5 ¢ 6 -3x-2
2 Find the derivative f’(x) given f(x) = 4x° + 9x°.
3 Find D ifv=2mF —37 + 1.
dt
4 Find f'(-2) when f(x) = 8x® + 5w —2.
5 Differentiate: .
a x° b 3 c iz
x
d ¥x e —%
x

6 Find the derivative of y = 3x at the point where x = 8.

ISBN 9780170413367 5. Further differentiation



10

12

13

14

15

16

17

Differentiate:
a (Gx-1) b (*-x+2)°
d ! e Jx’-3

3x -2

Find the derivative of:

a Lx+49 b (Qx—1)6x+5)
d @Gx+3)E*-1)7° e 2:Jr+1
Differentiate:
20 +3 b x’
x=5 4x -7
3x+1 3x+4
e

(2x+9)* V2% —

Find the gradient of the tangent to the curve:

[a—y

a y=x"—2x+5 at the point where x = -2
b flx= x* -3 at the point (-1, —4)

Find the gradient of the normal to the curve:
a fx)= 3x* + 2% — 2 at the point where x =—1
b y=x’+x-3 atthe point (-3, 3)

Find the equation of the tangent to the curve:
a y=2x"—5x—6at the point (3, -3)

b y=5x" -2+’ — x at the point where x = 2
Find the equation of the normal to the curve:

a fx)= & + 2% — 3x — 5 at the point (-1, -1)
b y=x’-3x+1 at the point where x =3

Tx—2

4(x® + 1)

x“+3
2x -3

For the curve y =’ — 8x + 15, find any values of x for which b _ 0.

Find the coordinates of the points at which the curve y =’ — 2 has a tangent with

gradient 12.

Function f(x) = #* + x — 4 has a tangent parallel to the line 3x +y — 4 = 0 at point P. Find

the equation of the tangent at P.

Find the coordinates of P if the gradient of the tangent to y = /x is % at point P.
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For the curve y = ix 1
X+

at the point where x = 0, find the equation of:

a the tangent b the normal

Find a formula for the rate of change LZ—Q given:
t

a 0=37+8 b Q=% ¢ Q0=32x+3

The mass M in kg of a snowball as it rolls down a hill over time 7 seconds is given by
M=+ +3t+4.
a Find the average rate at which the mass changes between:
i 2andS5 seconds ii 6 and 8 seconds
b  Find the rate at which the mass is changing after:

i 5 seconds il aminute
According to Boyle’s Law, the pressure of a gas in pascals (Pa) is given by the formula
P= ;, where k is a constant and Vis the volume of the gas in m’. If k = 250 for a certain
gas, find the rate of change in the pressure when V'=10.7.

The height of a ball in metres is given by / = 4 — 2#* where # is time in seconds.
a Find the height after:
i Is ii 1.5s
b How long does it take for the ball to reach the ground?
¢ Find the velocity of the ball after:
i 05s ii Is iii 2s

You learned how to differentiate y = ¢" in Year 11, in Chapter 10, Exponential and logarithmic
functions.

Differentiation rules for e*

— € =¢

dx
Ify= f then % =f"(x) ef®
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If f(x) = 3¢", find the equation of the tangent to the curve at (2, 36%).

Differentiate :
e s =7
flx)=3¢" Equation:
fr@)=3¢ y =y =mx =)
At (2,36) y—=3ef =3 (x-2)
f@=3¢ = 3¢'x — 667
Som =3¢ y=3e'x -3¢
(or3¢x —y -3¢’ =0)
Y =uv+vu d_y = 2™
where # = +* and v = ¢* * — 8"

w=2x V=6

d_y - f’(x)ef(”)
y = 2xé" + &x’ dx

=5 Sx—2
=xe¢"(2 + x) ¢

We can differentiate other exponential functions.

Differentiate 2*.

In
2=¢ 2 ﬂ:lnzexan
Zx:(eln2)x
s =ln2x2*
=¢
=2"In2
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Derivative of a*

Ify=ﬂx,thend—y=ﬂx Ina
dx

The proof of this has the same steps as in the previous example.

Exercise 5.02 Derivative of exponential functions

1 Differentiate:

a e7x b e—x c €6x -2 d ex'+ 1
3 "
e ex +5x+7 f eSx g e—Zx h elOA
i P j o oA+ ko (wte®y I xe®
3x 62x+1
m — n e
X 20+5
2 If f(x) = ¢** ~? find the exact value of f7(1).
3 Find the derivative of:
a 3 b 10 c 2

Find the gradient of the tangent to the curve y = ¢** at the point where x = 0.

5 Find the equation of the tangent to the curve y = ¢** — 3x at the point (0, 1).

For the curve y = ¢** at the point where x = 1, find the exact gradient of:

a the tangent b the normal

For the curve y = ¢* at the point (1, e), find the equation of:
a the tangent b the normal

Find the equation of the tangent to the curve y = 4** ! at the point (0, 4).

The population of a city is given by P = 24 500¢"%%

where ¢ is time in years.
a Find the population after:
i Syears ii 10 years
b  Find the average rate of change in population between:
i the Istand 5th years ii the 5th and 10th years
¢ Find the rate of change in population after:

i 5 years ii 10 years

10 The displacement of a particle is given by s = 10¢* — 57 cm after # minutes.

ISBN 9780170413367

a Find the average rate of change in displacement between 1 and 5 minutes.
b  Find the rate of change in displacement after:

i 1 minute il 2 minutes ili 8 minutes
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11 A radioactive substance has a mass of M = 20¢""%*!" in grams over time ¢ years.

a Find the initial mass.

b Find the mass after 50 years.

¢ Find the average rate of change in mass between 50 and 100 years.
d Find the rate of change in mass after:

i 50 years ii 100 years iii 200 years

12 An object moves according to the formula x = 3¢* where x is displacement in cm and s time in s.
a Find the displacement at 5 s.
b Find the velocity at 5 s.

Draw the derivative (gradient) function of a logarithm function.

What is the shape of the derivative function?

Derivatives of

e Logarithm rules
Ify=4"thenlog,y=x
log, xy =log, x + log, y
bl log, = = log, x ~log, y
\ogarithm'\c y
functions
log,x" =nlog, x
log,x= o8
log, a

To find the derivative of a logarithmic function, notice that the gradient of the function is
always positive but is decreasing.

3
2

_'3_'2_'1171 SR PR
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The derivative function of a logarithmic function is a hyperbola.

34
2
14

There is a special rule for y = In x.

Derivative of y = In x

Ify=lnx,thenﬂ=lwherex>0.
dx  «x

1

&l

dx
dy
Given y =Inx =log,x =

Then x=¢ =

4 _

dy

Shutterstock.com/Gary Le Feuvre
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Differentiate (In x + 1)°.

Find the equation of the tangent to the curve y = In x at the point (3, In 3).

(In x + 1) is a composite function in the form y=[f)]"

L= ) nftay !
:lx 3(Inx+ 1)
X

_3(nx+1)°

Chain rule

If y = In f(x), then % = % where f(x) > 0

y=In f(x) is a composite function.
Lety=Inu and u=f(x)

dy 1 du
T d _— /
du u an dx 1’

dy _dy du

de du’ dx
W
N
—f(x)Xf(x)
_fx)
f()

MATHS IN FOCUS 12. Mathematics Extension 1

Equation:
¥ =y1=mlx —xy)
y—ln3=§(x—3)

3y-3In3=x-3
0=x-3y-3+31In3
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Differentiate:

In (" —3x+1) ln(x+1)
=4

Find the gradient of the normal to the curve y =In («* = 5) at the point where x = 2.

&y _fi@)

de  f(x)
. 2x-3
- ¥’ =3x+1

It is easier to simplify first using log laws.

—ln( x+1 j
(i T

=ln@x+1)-In(3x-4)

4y _ f(x)
de  f(x)
SIS
x+1 3x-4
_ 1Gx—-4) 3(x+1)
(x+D)CBx—-4) Bx—-4)(x+1)
_3x—4-3(x+1)
(x+DBx—-4)
_ 3x—4-3x-3
(x+D(Bx—4)
__ T
(x+D(Bx—4)
2
@ 33L The normal is perpendicular to the
de %’ -5 tangent:
When x =2
dy _3Q2)
o 4m, =-1
e 2>-5 "
1
ml = 4‘
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We can differentiate logarithmic functions with a different base, 4.

Differentiate y = log, «.

y=logy b_1 1

s dv In2" x
=—— using the change of base law

In2 _ 1

1 xIn2
=—Inx

In2

Derivative of log, x

dy 1
Ify =log, x, then 2. =
e P

The proof of this has the same steps as in the above example.

Exercise 5.03 Derivative of logarithmic functions

1 Differentiate:

a x+lnx b 1-In3x c

d In@*-4 e In(5x’+3x-9) f

g 3P +5r—5+Indw h In@Bx-9)+2 i
4x+1 5

i 1 k (1+knxy |

J n(Zx—7j (1+Inx)

m (Inx)! n @ +hx° o

p = q Qu+Dhnx r

x
s In(nx) t Inx u
x-2
v lnx w  5(In x)’

2 Find /(1) if f(x)=In V2 - x.

3 Find the derivative of log; «.

In Gx+1)
In Sx+1) + 47
In Qx+4)(Bx—-1)

(Inx —x)’
xInx

ln(x+1)

2x
e

In x

4 Find the equation of the tangent to the curve y = In x at the point (2, In 2).

MATHS IN FOCUS 12. Mathematics Extension 1
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Find the equation of the tangent to the curve y =In (x — 1) at the point where x = 2.
Find the gradient of the normal to the curve y = In (x* + x) at the point (1, In 2).
Find the exact equation of the normal to the curve y = In « at the point where x = 5.
Find the equation of the tangent to the curve y = In (5x + 4) at the point where x = 3.

Find the derivative of log; (2x + 5).

© Vv 0 N &0 O

Find the equation of the normal to the curve y =log, x at the point where x = 2.
11 The formula for the time # in years for kangaroo population growth on Kangaroo Island

P
In| ————
(zoooo]

0.021
a What s the initial population?

is given by =

b Find correct to one decimal place the time it takes for the population to grow to:
i 25000 ii 50000
¢ Change the subject of the equation to P.

Find correct to the nearest whole number the average rate of change in population
between 2 and 5 years.

e Find correct to the nearest whole number the rate at which the population is
growing after:

i 3 vyears ii 5 years iii 10 years

1 Draw the derivative (gradient) function of sine, cosine and tangent functions.
What is the shape of the derivative function of each graph?

o . . N . sinx
2 By substituting values of x in radians close to 0, find approximations to lim ——,
x=0

tanx Ccosxy

lim and lim
x—=0 x x—=0 x

3 Differentiate by first principles to find the derivative of each trigonometric function
using the above limits. The sine function will use the [Blll trigonometric identity
sin (4 + B) = sin A cos B + cos A sin B from Chapter 4, Trigonometric functions.
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Derivatives of
trigonometric
functions

We can sketch the derivative (gradient) function of y = sin x.

Trigonometric
functions and
gradient

futher — The sketch of the gradient function is y = cos x.

trigonometric
y’\
l x

equations
If y = sin w, then b _ cos x
dx

Differentiating
trigonometric
functions

Derivative of sin x

This proof uses trigonometric results from the investigation on the previous page.

f’(x)z}ll_l’)r(l)f(x-i-hh)_f(x)

sin(x + /1) —sinx

= lim
h—0 h
. sinxcosh+cosxsin/—sinx
=lim
h—0 h
. sinx(cosh—1)+cosxsinh
=lim
h—0 h
. sinx(cosh—1) . cosxsinh
= lim + lim
h—0 h h—0 h
. . (cosh-1) . sinh
=sin x im——=% + cos x lim
h—0 h =0 h
. . (cosh—1) . sinh
=sin x lim ——= + cos & lim ——
h—0 h h—0 h

=sinax X0 +coswxx1

=Ccosxy
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Differentiate y = x sin .

Find the equation of the tangent to the curve y = sin x at the point (r, 0).

y=wxsin x is in the form y = uv Y =uv+vu
where # =x and v=sinx =1Xsinx+cosx Xx
#' =1and v =cosw =sinx +x COS X

% =cos x Equation:
At (z, 0) Y=y =mx —xy)
d—y=cosn y—0=-1(x—m)
dx

——_1 y=—x+T
Som=—1 or x+y-m=0

We can sketch the derivative (gradient) function of y = cos «.

0 =COoSx +0
N IR
l ‘\,j -
— +

0

The sketch of the gradient function below is y = —sin .

L~

Derivative of cos x

If y = cos «, then b _ —sin x
dx

ISBN 9780170413367
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You can prove this in a similar way to the derivative of y = sin x. A simpler proof involves

changing cos x into sin (5 - xj and using the derivative of y = sin x.

. o . T
Find the derivative of y = cos x at the point where x = B

Find the equation of the tangent to y = cos x at this point.

y-1=-3 (x = %] (multiplying both sides by 2)

e B f

6y—3=-3Bx+m \/3T (multiplying both sides by 3)
3B3x+6y-3-m3=0

MATHS IN FOCUS 12. Mathematics Extension 1 ISBN 9780170413367



We can sketch the derivative (gradient) function of y = tan x. Notice that the gradient
function will have asymptotes in the same place as the original graph, because this is where
the tangent is vertical and the gradient is undefined.

The gradient function is y = sec’ x, where sec x = .
cosx

Derivative of tan x

If y = tan «, then b _ sec’ x
dx

You can prove this in a similar way to the derivative of y = sin «x. A simpler proof involves

. . sinx . .
changing tan x into and using the quotient rule.

cosxy

ISBN 9780170413367 5. Further differentiation



tanx

Differentiate y = —-.

3x

Find the gradient of the tangent to the curve f(x) = tan x at the point where x = g

tanx . . u d
y= is in the form y = —. —yzseczx
2
3x v dx
_ _ 2.2 i
u=tanx and v=3x Aty = —
w'=sec’ x v’ = 6x
Ly 2 T
Loy oy, — =8Se€C —
,_uv zvu e
u

_ sec’ ¥ x3x® —6x X tan &

Bx*)

~ 3a(x sec’ x —2tan x)
9x*t

_wsec’x—2tanx

3a°

Chain rule
If y = sin f(x), then % =f"(x) cos f(x)

If y = cos f(x), then % =—f"(x) sin f(x)

If y = tan f(x), then ;lx—y = f"(x) sec’ f(%)
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Here is the proof for y = sin f(x). The others are similar.

y =sin f(x) is a composite function
where y =sinu and  u =f{(x)

dy du
—_ = d — =
€os % an T ()

du
b _d
de du dx
=cos u X f'(x)
=f"(x) cos u
=f"(x) cos f(x)

Differentiate each function.

y=sin 7x y =cos (4;;3 +§) y=tan (Sx — m)

Find the gradient of the normal to the curve f(x) = cos % at the point where x = m.

D o) cos i L @) sin fo)

=7 cos 7x =—124% sin (4x3+§)
dy ., P
T =f"(x) sec” f(x)

=5 sec’ (Sx — )

dy . 1
— =—f"(x) sin S =——
o 7 (x) sin f(x) om 5
_1 sin® Normal is perpendicular to the
2 2 tangent:
Atx=m -
& = 1 sin * R |
de 2 2 Phician
__1 x 1 my =2
2
.-
2
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While trigonometric functions are usually expressed in radians, we can differentiate angles in

degrees by using the conversion = 180°.

Differentiate y = sin «°.

180° = & radians 4 ,
= () cos fix)
oo ™ dx
180 o n {1
—— COS —
o TX 180 180
180 _ T o
=—cosx
So y = sin x° becomes 180
=sin I
Y80

We can also differentiate composite functions involving trigonometric functions.

Differentiate:
tan (e") In (cos x)
&y _ 2 Ay _ )
dx =f"(x) sec” f(x) o ()
_ X 2
=¢" sec” (") s
cosx
=—tan x

Exercise 5.04 Derivative of trigonometric functions

1 Differentiate:

a sin4x b cos3x c
d tnQGx+1) e cos(—x) f
g 4cos(5x—3) h 2 cos () i
j  sin3x+ cos 8x k tan (m+x)+a? |
m sin 2x tan 3x n 0¥

2x

MATHS IN FOCUS 12. Mathematics Extension 1

tan Sx

3sinx

7 tan (¥’ + 5)

X tan x

3x+4
sinSx
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P (x+tan 7x)’ q sin’x r 3cos’ Sx

s ¢ —cos2x t sin(l-Inx) U sin(e'+u)
er
v In(sin x) w ¥ cos 2x x
tan7x

2 Find the gradient of the tangent to the curve y = tan 3x at the point where x = g

Find the equation of the tangent to the curve y = sin (1 — x) at the point (g, %) in exact form.
Differentiate In (cos x).
Find the exact gradient of the normal to y = sin 3« at the point where x = %

Differentiate ¢™"*.

N & uu b W

: . : : T
Find the equation of the normal to the curve y = 3 sin 2x at the point where x = S
in exact form.

8 Show that % [In (tan x)] = tan x + cot x.
9 Differentiate each function.

sin x°

5

a  y=tanx° b y=3cosx® (
10 Find the derivative of cos x sin” x.
11 The population of salmon in a salmon farm grows and reduces as fish are born and sold.

The population is given by P =225 cos % + 750 where ¢ is time in days.

a What s the centre of the population?
b What is the minimum number of salmon in the farm at any one time?
¢ Whatis the maximum population?
d At what times is the population 700?
e At whatrate is the population changing after:
i 3 days? i aweek? iii 10 days? iv 18 days?
f At what times is the population growing at the rate of 25 fish per day?

12 The tide was measured over time at a beach at Merimbula and given the formula

. Tt . . .o .
D =8sin o + 9 where D is depth of water in metres and ¢ is time in hours.

a How deep was the water:
i initially? ii after 5 hours?
b  When was the water 10 m deep?
¢ At what rate was the depth changing after:
i 3 hours? ii 11 hours? iii 12 hours?
d At what times was the depth of water decreasing by 3 m h™'?
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The second
derivative

Second derivative
Differentiating f(x) gives f’(x), the first derivative.

Differentiating f”(x) gives f”(x), the second derivative.

It is also possible to differentiate further.

”r

Using function notation, differentiating several times gives f”(x), /" (x),

2. 53
Using &y notation, differentiating several times gives Z—'Z,% and so on.
" dx
d*y d*
The notation —3- comes from —-(y).
" )

Find the first 4 derivatives of f(x) = x —da? +3x - 2.
Find the second derivative of y = 2x + 5.

If f(x) = 4 cos 3x, show that f”(x) = -9 f(x)

() and so on.

fix)=32"—8x+3 £/(x) = —F"(x) x sin f(x)
f(x)=6x-8 =3 x 4 sin 3x
f7x)=6 =-12 sin 3w
f"x)=0 f7(x) =f"(x) x cos f(x)
J =3 x(-12 cos 3x)
% =@ > nfl)" 1 =-36 cos 3x
=2x7Qx+5)° =-9(4 cos 3x)
=14Qx + 5)6 =-9f(x) since f(x) =4 cos 3x

dz
ﬁ = F7() X mfl)" !

=2x6x14Qx+5)
=168Qx +5)’

MATHS IN FOCUS 12. Mathematics Extension 1
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Exercise 5.05 Second derivatives

1

© WV 0 N &0 u h~ O DN

—

11

12

13
14

15

16

17
18
19

20

21

Y _x-3.

Find the first 4 derivatives of &’ — 24" + &
If fx) =&’ = 5, find £7(x).

Find f"(x) and f”(x) if f(x) = 22" — o + 1.
Find f7(1) and f”(-2), given f(z) = 3¢* - 2¢° + 5t — 4.
Find the first 3 derivatives of »” — 24° + 42" - 7.

Find the first and second derivatives of y = 2x* — 3x + 3.
If fx) =t = 2* + 247 = 52— 1, find f"(~1) and "(2).

Find the first and second derivatives of ¥,

If g(x) = \/x, find g”(4).
2

Given h=58 =28 +1+5, ﬁnd% whent=1.
T

2
Find any values of x for which d—g/ =3, given y = 32’ — 247 + Sa.
x

Find all values of x for which f”(x) > 0 given that f(x) = - +x+9.

Find the first and second derivatives of (4x — 3)’.

Find f’(x) and /" (x) if flx) =2 — .

Find the first and second derivatives of f(x) = 3x+ 51.
r—
2
Find % ifo=(t+3)2r- 1)
t

2

Findthevalueofbiny:bx3—2x2+5x+4ifd L - whenx:%.

a?
Find £7(1) if f() = 12t - 1)’.
Find the value of b if f(x) = Sba* — 4a* and f”(~1) = 3.

2
Ify = ¢* + ¢™, show that j—g, =16y.
x

d*y dy . 2
Prove thatﬁ - 35 +2y=0giveny=3¢™".
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23

24

25

26

27

28
29

30

Show that ol = by for y = ae™.

dz_y Dx

2
Find the value of 7 if y = ¢’ satisfies the equation % + Zj—y +ny=0.
x x

2

Show that 4y _ —25yify =2 cos Sx.

di?

Given f(x) = -2 sin x, show that /" (x) = —f ().

dy _

If y=2sin 3w — 5 cos 3x, show that el —9y.

Find values of # and % if ﬂ =ae

2

3 cos 4 + be™ sin 4w, given y = ¥ cos 4x.
dx’ ’

Find the exact value of /”(2) if f(x) = x/3x — 4.

The displacement of a particle moving in a straight line is given by x = 2¢° — 5% + 7¢ + 8,
where x is in metres and t is in seconds.

a Find the initial displacement.
b  Find the displacement after 3 seconds.
¢ Find the velocity after 3 seconds.
d  Find the acceleration after 3 seconds.
The height in cm of a pendulum as it swings is given by /1 = 8 cos iz + 12 where ¢ is time
in seconds.
a What s the height of the pendulum after 3 s?
b  What is the maximum and minimum height of the pendulum?
¢ Whatis the velocity of the pendulum after:
i 1s? i 1.5s?
d  What is the acceleration of the pendulum:
i initially? i after 1? iii after 1.5 ¢?
e Write the equation for acceleration in terms of /.
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The process of finding the original function y = f(«) given the derivative y = f’(x) is called -

. . . . .. . . . . . . napes o
anti-differentiation, and the original function is called the anti-derivative function, also curves
called the primitive or integral function.

Anti-derivative

Sketch the graph of the anti-derivative (primitive function) given the graph of the araphs
derivative function below and an initial condition, or starting point, of (0, 2).

y=fk)

Remember that when you sketch a derivative function, the x-intercepts are where the
original function has zero gradient, or stationary (turning) points.

On this graph the stationary points are at x = x; and x = ;.

Above the x-axis shows where the original function has a positive gradient
(it is increasing). On this graph, this is where x < &) and x > x,.

Below the x-axis shows where the original function has a negative gradient
(it is decreasing). On this graph, this is where x| < x < x,.

We can sketch this information together with the point (0, 2):

W
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We are not given enough information to sketch a unique graph. There is no way of knowing

what the y values of the stationary points are or the stretch or compression of the graph. Also,
if we are not given a fixed point on the function, we could sketch many graphs that satisfy the
information from the derivative function.

D>

D)

LGeL

The anti-derivative gives a family of curves.

Exercise 5.06 Anti-derivative graphs

1 For each function graphed, sketch the graph of the anti-derivative function given it

passes through:
a (07 _1)

c (0,3

£\
4322 —')\

b (1,2

\“
3

d (-1,-1)
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e (0,1

2 Sketch a family of graphs that could represent the anti-derivative function of each graph.

a YA b )

Vs ; SN

=Y

8
=2y
8
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3 The anti-derivative function of the graph below passes through (0, —1). Sketch its graph.
YA

4__/

]
4 Sketch the graph of the anti-derivative function of y = cos x given that it passes through
(0, 0).
YA
2
1 y=cosx
ENENEE
-1 2 2

21

5 Sketch a family of anti-derivative functions for the graph below.

DA
2
14 y=sinx
T oM™\ 3n S
~14 2
21
y
1 Differentiate:
a i b »’+5 c -7 d “+4 e -75
What would be the anti-derivative of 2x?
2 Differentiate:
a i b ©+1 c 46 d /-2
What would be the anti-derivative of 3x°?

e £ -14
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3 Differentiate:

a b +'-3 c x'+2 d x'+10 e x'-1
What would be the anti-derivative of 4x*?
4 Differentiate:

a i b «+7 c "+9 d -5 e «"-2
What would be the anti-derivative of nx” ~'?

Can you find a general rule for anti-derivatives that would work for these examples?

Since anti-differentiation is the reverse of differentiation, we can find the equation of an
anti-derivative function.

Anti-derivatives

Anti-derivative of x"

Antiderivatives

"1+ C where Cis a constant.

Ifﬂ=x”, then y =
dx n+1

Antidifferentiation

(an+l +C] — (n+1)x

a
dx\n+1 n+1

:xn

We can apply the same rules to anti-derivatives as we use for derivatives. Here are some of
the main ones we use.
Anti-derivative rules
d
1f < = then y = kx.
dx

Ifd—yzkx"thenyszx“H C.
dx n+1

If % = f(x) + g(x) then y = F(x) + G(x) + C where F(x) and G(x) are the anti-derivatives of

f(x) and g(x) respectively.
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Find the anti-derivative of x* — 4x® + 9 — 6x + 5.

If f(x)=a"—40’ +92? —6x+ 5
1 s 1 4 1 3 1,
Fx)=—2 —4x—0"+9%x=x —6x=a"+ 52+ C
5 4 3 2

5
=x?—x4+3x3—3x2+5x+0

If we have some information about the anti-derivative function, we can use this to evaluate
the constant C.

The
Mo The gradient of a curve is given by b _ 627 + 8x. If the curve passes through the
point (1, -3), find its equation.

If £7(x) = 6x + 2 and (1) = f(=2) = 0, find £(3).

Zx—y =62’ + 8x
Soy:6x%x3+8><%x2+C
=20 +42° + C
Substitute (1, -3):
-3=21P +4(1’+C
=6+C
9=C

Equation is y = 2% + 4x” - 9.
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1) = 6x+2 Since f(-2) =0

3 2
f’(x):6><%x2+2><%x1+C 0=(-2)+ (-2 -5(-2)+ D
P =-8+4+10+D
=32 + 220+
=6+D

Since f’(1) = 0:

-6=D
0=31+2(1)+C

Equation is f(x) =2° +a’ = 5x— 6

e (3)=3'+32 - 50)
3)=33+32-53)=6
5=@ 7
) —274+9-15-6
Sof/(x)=3x"+2x -5
—15

ﬂ@:3x§ﬁ+2x%ﬁ—5x%ﬂ+D

=2’ +4"—5x+D

Chain rule

If% = (ax + b)", then y = (ax +b)" "' + C where Cis a constant, 2 = 0 and 7 = —1.

1
a(n+1)

(ﬂx+b)n+l +C] _ ﬂ(?’l+1)(ﬂx+b)”

d
E[a(nﬂ) an+1)

= (ax + b)"
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Find the anti-derivative of Gx + 7)%.

The gradient of a curve is given by % = (x — 3)*. If the curve passes through the

point (2, —7), find its equation.

%=(3x+7)8

(ax+b)" ' +C

y:ﬂ(n-i-l)

= Gx+78 1y C
3(8+1)

=%(3x+7)9+C
9
_ Bx+7) L C
27

%:(zx—n‘*

(ax+b"' +C

y=ﬂ(7l+1)

1
T 24+))

Qx-3)*""1+C

1 5
=—Q2x-3Y+C
0 (2x - 3)
Substitute (2, —7):

—7=i(z><z—3)5+c
10

RN
=— 1)y +C
1O()

:L+C
10

21l _¢
10
. 1 5 1
So th ti =—Qx-3)Y-7—
o the equation is y 1O(x ) T

_(2x=3) -T1
10
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General chain rule
1

If% = F/@)[ f@)]" then y = —— [ f(®)]"* ' + C where C'is a constant and 7 # —1

n+1

d
dx\ n

= @[ f@)]"

Find the anti-derivative of:

8’ (2" - 1)°

Given f(x)=2x"—1

f'(x) =8«
% =8x°2x" - 1)°
=@ fW]"

1 n+1
- +C
y n+1f(x)

S R
S5+1

:é(2x4—1)é+c

4 1\6
6

Given f(x) =2’ +2
)= 347

&y =x*(’ +2)
dx

= % x 32°( +2)7

1

=3/ @@

ISBN 9780170413367

_(%[f(x)]m +C) :ﬁf’(x)(n + D)

207 + 2)7

1 1 n+1
=Zx—f)" +C
’ 3 n+1f()

leL(x3+2)7+l+C
3 7+1
1 3 8

=—~(" +2)°+C
2% Y

3 8
42
24

C
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Exercise 5.07 Anti-derivatives

O ©® N o

10

11

12

Find the anti-derivative of:

a 2x-3 b »+8x+1 c -4
d (-1 e 6 f QGx+2)’
g 8Qx-7)*
Find f(x) if:
a f/(x) - 6.96'2 —x b f/(x) — .X'4 _ 3.76‘2 +7 C f/(x) —x—2
1
d f@=@+1k-3) e fix)=x’
Express y in terms of x if:
3
a P_si o b D2 ¢ b_ox .
dx dx de 5
d d_y = i e d_y =x' - 2 +1
v x? dx
Find the anti-derivative of:
a Jx b «° c LS
1 _2 x
d x2+23 e x/—2x7
Find the anti-derivative of:
a 2x(*+5)° b 3.4G¢-1) ¢ 8x(2x*+3)
d 15 +1)° e x(x’-4) f P°-7)8

g Q-1 -x+3)* h G’ +4w -7 +24° = 7x)°
i @-3)"-6x—1)

1
dx

=’ =32’ + 5 and y = 4 when x = 1, find an equation for y in terms of .
If f’(x) =4x — 7 and f(2) = 5, find an equation for y = f(x).
Given f'(x) = 307 + 4w -2 and f(-3) =4, find the value of f(1).

Given that the gradient of the tangent to a curve is given by % =2 — 6x and the curve
passes through (-2, 3), find the equation of the curve.
dx

Ifd__(t_3)2 and x =7 when ¢ =0, find x when t = 4.
t

Given % =8, and % =0and y = 3 when x = 1, find the equation of y in terms of «x.
x
2

If% =12x+ 6 and Zx_y =1 at the point (-1, -2), find the equation of the curve.
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13
14

15

16

17

18

19

20

21

If f7(x) = 6x — 2 and f(2) = f(2) = 7, find the equation of the function y = f(x).
Given f”(x) = 5x*, /(0) = 3 and f(~1) = 1, find £(2).

2
A curve has % = 8x and the tangent at (-2, 5) has an angle of inclination of 45° with
the x-axis. Find the equation of the curve.

4’ y

The tangent to a curve with el 2x — 4 makes an angle of inclination of 135° with the

x-axis at the point (2, —4). Find its equation.

A function has a tangent parallel to the line 4x —y — 2 = 0 at the point (0, -2), and
f”(x) = 124” — 6x + 4. Find the equation of the function.
2
A curve has % = 6 and the tangent at (-1, 3) is perpendicular to the line
2
2x +4y — 3 =0. Find the equation of the curve.

A function has /(1) = 3 and f(1) = 5. Evaluate f(-2) given f”(x) = 6x + 18.

The velocity of an object is given by ;lﬁ = 6t — 5. If the object has initial displacement of
t
-2, find the equation for the displacement.
2
The acceleration of a particle is given by i—f =247 —12¢+ 6 m s . Tts velocity ;Zﬁ =0 when
t t

t= 1 and its displacement x = -3 when # = 0. Find the equation for its displacement.

Anti-derivative of exponential functions

Ifﬂ=ex,theny=e”+c
dx

Chain rule

a
dx

Ifﬂ=e"x+b, theny=le”x+b+C
dx a

Ifii—‘i =f'(x)ef(x), then y = /@4 C

1 i
leax+b+0)=_xﬂeax+b i[ef(x)+c] =f’(.7€)€f(x)
a a dx

ax+b

=e
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Find the anti-derivative of ¢* + 1.

Find the equation of the function y = f(x) given f’(x) = 6¢** and f(2) = 2¢°.

lgax+b+czie4x+c

a
f(x) = 66> If £2) = 2¢5
f(x)=6><%e3x+C 28=28"7+C
2P C =25+ C
0=C

So f(x) = 26

Anti-derivative of 1
X

2 L theny=tnlx| +C
dv x

Chain rule

If%:%,thenyzlﬂf(xﬂ +C

%(ln x)= LI 0, because In «x is defined only for x> 0.
x

) . 1 )
So the anti-derivative of — when x> 0 is In x.
x

Suppose x < 0.

Then In (—x) is defined because —x is positive.
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x<0

B Inx+C ifx>0

Soifd—y=l,theny_ ,
dx x In(-x)+C ifx<0

or more simply, y=In|x|+C

Find the anti-derivative of i
x

Find the equation of the function that has

& _3
dx «x
=3><l
x
y=3ln|x|
d_y_ 6x
dv  x*-5§
2x
=3x
¥’ =5
f'(x) 2
=3x=—— where f(x) =x" -5
fl) Thered
y=3Inf|x|+C

=3In [£*-5|+C

ISBN 9780170413367

dy

6x

X2 =5

e and passes through (3, 3 In 4).

Substitute (3, 3 In 4):
3In4=31In |3*-5|+C
=3In4+C

0=C
Soy=3ln|x2—5|
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Anti-derivatives of trigonometric functions

Ifd—y =cosx, theny=sinx+ C since L3 (sin x) = cos x
dx dx

Ifd—y =sin x, then y=-cosx + C since & (cos &) = —sin x so L (—cos x) = sin x
dx dx

If 2 = sec’ x, then y=tanx +C since 3 (tan x) = sec’ x
dx dx

Chain rule

Ifd—yzcos (ax + b), thenyzlsin (ax+b)+C
dx a
dy . 1

If = =sin (ax + b), then y = —— cos (ax + b) + C
dx a
dy 2 1

If = =sec” (ax + b), then y=— tan (ax + b) + C
dx a

If% =f"(x) cos f(x), then y =sin f(x) + C

If% =f"(«) sin f(x), then y = —cos f(x) + C

If% = f"(x) sec’ f(v), then y = tan f(x) + C

i[lsim(ﬂx+b)+C}:l><acos (ax +b)
de | a a
= cos (ax + b)

The other results can be proved similarly.

Find the anti-derivative of cos 3x.

Find the equation of the curve that passes through (g, 3) and has Zx_y =sec’ x.

g (B ©
a

=%sin3x+C
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y=tanx+C

Subsdtute(13,3):
4

3=tan£+C
4
=1+C
2=C

Soy=tanwx+2

Exercise 5.08 Further anti-derivatives

1 Find the anti-derivative of:

a sinx b secx € cosx
d sec 7x e sin(2x—m)
2 Anti-differentiate:
a ¢ b C 1
X
3 X
e
3x—-1 x+5
3 Find the anti-derivative of:
. 1
a ¢+5 b cosx+4x C x+—

d 8’ -3x"+6xr—3+x"' e sin5x—sec’ 9x
4 Find the equation of a function with % = cos x and passing through (g, - 4).
5 Find the equation of the function that has f"(x) = &l and f(1) =3.
x

6 A function has Z—y =4 cos 2x and passes through the point (g, 23 j
x
Find the exact equation of the function.

7 A curve has f”(x) = 27¢*" and has f(2) = £*(2) = ¢°. Find the equation of the curve.

8 The rate of change of a population over time # years is given by ar _ 1350¢%03%,
If the initial population is 35 000, find: dt

a the equation for population

b the population after 10 years
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9 The velocity of a particle is given by ;Zﬂ =3¢’ and the particle has an initial
t

displacement of 5 metres. Find the equation for displacement of the particle.

2

10 A pendulum has acceleration given by fl—f = -9 sin 37, initial displacement 0 cm and
t

initial velocity 3 cm s~

a Find the equation for its velocity.
b  Find the displacement after 2 seconds.

¢ Find the times when the pendulum has displacement 0 cm.

Differentiate the inverse function of y =x” + 2.

Inverse function: 1,
. ﬂ_l(x_z)s
x=y +2 de 5
5 1 =
x=2=y =5(x=2)
V=2 =y 11
1 =5 +
(x=2)°=y (x—-2)3
1

sfe-ot

Sometimes it is hard to differentiate inverse functions directly. We can use this property of

differentiation:
d_y and d_X
dx dy
Given that y = f(«) is a differentiable function:
ﬂ X e =1 or
dx dy

MATHS IN FOCUS 12. Mathematics Extension 1
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1
Show thatﬂxﬂ =lgiveny=ux3.
dx dy

1 dx
3 —=
Jr= P
Y
1
dy _1 31 ( 1)2
dx 3 =3\a3
- 2
=%x 3 _3.%'5
. . 2
Changing the subject: %Xj_x - lx_§ x 33
1 Y
=57 =1l
y=x
orx =y

We can use this property to find the derivative of inverse functions.

Differentiate the inverse function of y = »* — 1, leaving your answer in terms of y.

Find the gradient of the tangent at the point (7, 2) on the inverse function.

Inverse function: At (7, 2):
x=y3 -1 dy _ 1
3.2
dx P dx 3_)/
=3y
dy 1
eVl
dy 1 3x2
dv de _1
%) 12
L

So the gradient of the tangent at (7, 2)

(S)
=
N

. .o 1
on the inverse function is ik
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Find the derivative of the inverse function f° “(x) of fl) = x(x + 1)* in terms of y.

Given that /(1) = 2, find the gradient of the tangent to y = f !(v) at this point.

Inverse function is x = y( y +1)*.

It is difficult to change the subject of this equation to y, so we find ;’ﬁ
Y
= —wv+v'uwhereu=yandv=(y+1)"
dy
W=1 v=4y+1)

ﬁz1><(y-i—1)4+4-(y+1)3><y
dy
=(y+ D +4y(y+1)
=(y+ 1)’ (y+1+4)
=(y+ DGy + 1)

dy 1
o (R
dy
B 1
(y+D’Gy+1)

Since f~!(~1) = 2, the curve passes through (-1, 2).

Substitute y = 2:

dy 1
A 2+1°Gx2+1)
1
P xil
1
" 297
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Exercise 5.09 Derivative of inverse functions

1 Show that % X e _ 1 given:

dy
a y=4r+3 b y=4« ¢ y=¢
d y=ln« e y=x-1
2 Differentiate f ' (x) given:
a f)=¢ b f=hwx ¢ f)=+x
d flx)=+"-1 e f)=@+2)’
3 Find the gradient of the tangent to the inverse function at:
a (5,1 givenf(x)=x3+4 b (-1, 1) given flx)=2x-3
c (1,0) given f(x) = &* d (,5)given fx)=xr—1
1 . 1

4 a Find the derivative of the inverse function £ given f(x) = 4’ .
b The point (4, 1) lies on f'. Find the gradient of:

i the tangent ii  the normal at that point

5 a By restricting f(x) to a monotonic increasing domain, find the inverse function of
fl) =o'+ 1.
b  Find the derivative of the inverse function .
¢ Given that (5,2) lies on £, find the gradient of the tangent at this point.

6 Find & of the inverse function f~'(¥) of each function in terms of y.

dy
a f=+"¢ b f(x)=3xsin2x ¢ y=x2x-3)"
_3x—1 _Inx
d f(x)_2x+5 y_x+2

7 Find the gradient of the tangent at each point given on the inverse function of:
a  f@)=Cx+ 1)(x—4) at(-10,3)
b y=(@®-3)cosxat(-2,0)

x3

¢ fW= 3 —

d y=xlnxat(0,1)

sin3ux ( 4 n)
e y= at =

__7
x? )

t(4,2
4a( )
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EXT1

Derivatives
of inverse
trigonometric

functions ° ° °
Derivative of sin!

X

—(sin" x) = -

Inverse
trigonometric
functions and

gradient

Lety=sin"'» Using sin” 6 + cos’ 8 = 1:
cos’ y=1—sin’y

Thenx=siny
dx cos y=/1—sin’ y

— =cosy

Ly
dy 1

y_1 dx cosy
de  dx

dy 1

_ 1 J1-sin’ y
cos y {
1-«?

Find the equation of the tangent to the curve y = sin™" x at the point (O, g)

dy 1 Equation:
v \1-o y—y1 = m(x - x))
Atfo. T L Y
(0, 2) y=s (x=0)
& _ 1 -
=1 0=2x-2y+m
Som=1

ISBN 9780170413367
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You can use the chain rule to differentiate.

Differentiate sin”! (5x — 1).

y=sin"' (5x — 1) is a composite function.
Lety=sin"'u where u=5x-1.
dy 1 . du

du 1-4*

de  du’ dv

—

wn

- \ll—uz

5

J1-Gx 1)
_ 5
J1- (2562 —10x +1)
5

V=25x> +10x

There is a simplified chain rule for differentiating sin™" (ﬁj
a

Chain rule

The proof is similar to the proof of the derivative of sin™" x.
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Derivative of
inverse cosine
function

Differentiate sin”" (?j

ﬂz*whereﬂ=3
7k P!
: 1
- 3 — &2
B 1
9—x?

Derivative of cos ' x

Chain rule

The proofs of these results are similar to the proof of sin™" .

Differentiate:

cos”! (fj cos ! 2x
7
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5
cos ' 2x=cos!| T
2

Method 1: Chain rule
cos ! 2x is a composite function.

Lety=cos'u where u=2x

ﬂ— : and @=2
1-u? dx

du

Method 2: Formula

oY
—

——7whereﬂ=l
2

PPN
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Derivative of tan! x

d 4 1

—(t =

T (tan™" x) e
Lety= tan ! x Using tan” 0 + 1 = sec’ 6
Then x =tan y a4 _ 1
Ir , de  1+tan’y
— =sec’y
dy _ 1

1+ a2

dy 1
dv  sec? y

Chain rule

d{ -1 x} a
“ltan = ||=
dx a a2+ x5’

The proof is similar to the proof of the derivative of tan™" x.

ukas Pobuda

Shutterstock.com /L
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Find the gradient of the normal to the curve y = tan™" x at the point where x = 5
Differentiate tan™ [%)

ﬂ= ! d_y= ? _wherea=5
dx 1+ ° dv  4* +x?
VVhenx=L =
3 52 4 &
o 5
e (1Y 25447
(%)
1
1+l
3
1
301
7+7
33
-l
4
3
_2
4
Somlzi
4
Gradient is perpendicular to the normal.
3
Zm2=—1
4
mz—_1X§
_—
3
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24l Exercise 5.10 Derivative of inverse trigonometric functions

1 Differentiate:
a cos'w b 2sin'x ¢ tanl'x

d cos!3x e 4sin!2x f sin'! (xz)

g tan”' Qx—1) h 5cos!8x

_.

o

o

w

L
—
w8

N

2 For each function, find the gradient of:

i the tangent ii  the normal
-1 . T
a y=cos «atthe point| 0, 3
b y=rtan" (2x) at the point where x = %

¢ f(x)=(sin" x)’ at the point where x = %

d y=cos’ (%] at the point (0, %)

e y=tan (?) at the point where x =0

3 Find the equation of the tangent to the curve y = sin™' (2x) at the point where x = 0.

1
4 Find the equation of the normal to the curve y = tan™! Sx at (—, E)

5 Find the derivative of:

a 3sin’! [g) b 3cos™ Jx ¢ cos’! (?)

d 5sin! Gx+2) xcos ' x f (an'x+1)

(1]

6 Differentiate:

a sin! (cosx) b cos™! (cosx) ¢ sin!(nx)
d twn! (@ e InGsinx) f 1_1
tan” x
-1 -1 a1 . .1
g tan (cos x+1) h tn (—j i sin (EJrlj
x
j ecosflx
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7 Show that di (sin”! &+ cos™! x) = 0.
x

8 Find the second derivative of:

a cos’! (gj b In(tanx)

9 Find the equation of the tangent to the curve y = sin™' x at the point where x = —%.

10 a Find 4 {tan_1 x+tan”! (lﬂ
dx

X

1
b Draw the graph of y = tan™" x + tan™" (—J

x

11 Differentiate:
a cos (™) b In(anx) ¢ tan! (Inx)
d sin!V1-4? e ™M

12 A 6 metre long ladder is leaning against a wall at a height
of 1 and angle 0 as shown.

h h
a Show that 8 =sin™’ (—]
6 0
b The ladder slips down the wall at a constant rate of
0.05 m s™'. Find the rate at which the angle is changing when the height is 2.5 m.

13 A hot air balloon rises into the air at 2 metres per second. Jan is standing 100 m away
from the balloon.

a What s the height of the balloon after ¢ seconds?

b  If the angle of elevation from Jan up to the balloon is 6, write an equation for 6 in
terms of z.

¢ Find the rate of change in 0 (in radians) after:

i 5 seconds il  one minute

Shutterstock.com/FiledIMAGE
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14 'Two walls along a property are 8 m and 5 m long as shown.

8m

A builder extends the 5 m wall as shown at 0.5 metres per minute.

8 m

a  Write an equation for the angle 6 in terms of z.
b  Find the rate at which 8 is changing after:

an hour

i 5 minutes ii 20 minutes
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Summary of differentiation rules

Rule
o ") =na" 1
d x
E () =e¢
% (Inx)=—
% (sin &) = cos x
% (cos x) =—sin x
di (tan x) = sec’ x
b
4 (inx)=
dx 1- a2
i(cos_1 == !
dx 1-x?
i(tan_l x) = 1 3
dx 1+«

Product rule: 4 (wv) =u'v+v'u
dx

2

Quotient mle:%(— =

v

ISBN 9780170413367

u )_ wv—v'u

Chain rule
LLF@) = f@nl @]

A1 FO)= F(2)ef®

dx
_f®)
0)

= lsin f ()] = f () cos £ (x)

% [In £()
d

4 [cos f@)] == (x)sin £ (x)
dx

L ftan f)= £ sec? @)

EXT1 sin—l[ﬁﬂz 1
L a ﬂz _xZ

& cos_l(ﬁﬂ=— !
a

&

m
—_

&

m
3
&~
<
IDI
/A\
X |R
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Pracice quiz

5 e TEST YOURSELF

For Questions 1 to 4, choose the correct answer A, B, € or D.

1

The anti-derivative of sin 6x is:

A % cos 6x B 6cos6x C —6cosbx D —% cos 6x

The gradient of the tangent to the curve y = ¢** + x at (0, 1) is:

A 2 B 3 C o D 1

2

If y = cos 2x, then flx—g, is :

A 4y B -2y C 4 D y

The graph of the derivative y = f”(x) is shown. y

Which of the following graphs could be the @
=f(x

graph of y = f(x)? J

A A B )

& N ” 7 /xl xz\x

Differentiate:
a o b 2" ¢ In4x d In@x+5)
e x f 1563 g @+D"°
x
Differentiate:
a cosx b 2sin«x ¢ tanx+1 d xsinx
fanx f cos3w g tanSx
X
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7 Find the equation of the tangent to the curve y = 2 + ¢** at the point where x = 0.

T 1
8 Find the equation of the tangent to the curve y = sin 3x at the point (Z’ ﬁ)

7
9 If x = cos 2t, show that j—f = 4.

10 Differentiate:

a sin'x b tan!3x ¢ 2cos!s5x

11 Find the exact gradient of the normal to the curve y =x — ¢ ™ at the point where x = 2.

12 Find the anti-derivative of:

a 10x"—4¢° +6x-3 b ¢  sec’9x
! e cos2x f sin X
x+5 4

13 Find the gradient of the tangent to the curve y = 3 cos 2x at the point where x = %

14 A curve has % = 6" + 12x — 5. If the curve passes through the point (2, -3), find the
equation of the curve.
15 Find the derivative of £~ (x) if f(x) =&’ + 3.

16 Sketch the graph of the anti-derivative of the following function, given that the
anti-derivative passes through (0, 4).

J

17 Find the equation of the normal to the curve y = In x at the point (2, In 2).

18 Find the equation of the normal to the curve y = tan x at the point (%, 1).

19 Find the derivative of:

. 1| X _
a sinlx b cosl[?) ¢ tanlx
. o (x
d sin!4w e tan I[Ej
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20 Differentiate:

a G2+7)¢ b 4x(2x-3) LA
3x+4
d 2456 e ST
x+1

FWl21 a Evaluate di (sin”! x + cos! x).
%

b Explain this result.
22 Iff”(x) = 152+ 12 and f(2) = f'(2) = 5, find the equation of y = f(x).
23 Iff(x) = 32’ — 22" + &° - 2, find:
a f-1) b -1 < [

24 a Find the inverse function £ (x) given f(x) = v +1.
b Find the point P on £ (x) where x = 3.
¢ Find the equation of the tangent to f~'(v) at P.

25 W Differentiate x tan”" x.

26 Sketch an example of the graph of an anti-derivative function for each graph.

a
A b ¥

'

27 A function has f’(3) = 5 and f(3) = 2. If f"(x) = 12x — 6, find the equation of the function.

28 Find the equation of the tangent to the curve y = sin™" (gj at the point (ll, E)
26

29 Find the anti-derivative of:
a £Gx"-35)° b 3x(’+1)
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x+1Inx

1 Find the exact gradient of the tangent to the curve y =¢

2 a Show thattan! (%) +tan”! (%) _T

at the point where x = 1.

2

b Find di (tan‘1 x+tan”! l]

X X

¢ Show that tan”! ¥ + tan™! 4 = % for all x.

x
3 Find the first and second derivatives of 57;363
(4x° +1)
4 Find the anti-derivative of:
a 2x* b «sin ()

x sin 2x

5 Differentiate e

6 A curve passes through the point (0, —1) and the gradient at any point is given by
(@ + 3)( — 5). Find the equation of the curve.

7 Differentiate:
a sin! @) b tan!( ¢ In (sin x + cos x)

8 The rate of change of " with respect to t is given by ‘Z—V = (22— 1)’
t

If ’'=5 when t=%, find V' when t = 3.

xlog, x

X

9 Find the derivative of y =

10 [E8l A car is stopped at point 4, 20 km south of an intersection O. Another car leaves
the intersection and travels east at 80 km h™". If this car is at point B:

a Find an equation for angle OAB after ¢ hours.
b Find the rate at which angle OAB is changing after 2 hours (in degrees and minutes
per hour, to the nearest minute).
Wl 11 a Find the inverse function £~ in terms of y given f(x) = x + ¢".
b Find the image P on £~ of the point where f(1) =1 +e.
¢ Find the equation of the tangent to £~ at P.

12 a Differentiate In (tan x).

b Find the anti-derivative of tan x.

13 Find the anti-derivative of:

a sin(@ -n) b xe*
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