CHAPTER 15
Graphing techniques

15.1 TRANSFORMATION OF GRAPHS USING y =f(x + b) AND y =f(x) + ¢
Consider the following graphs:

y=x y=(x+2)’ y=x4+2
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If y = x* is written as y = f{x) then y = (x + 2)* becomes y = f{x + 2) and y = »* + 2 becomes y=flx) + 2.
In y = flx + 2) the curve for y = f{x) has been moved 2 units to the left, (0, 0) moved to (=2, 0).
In y=f{x) + 2 the curve for y = f{x) has been moved 2 units upwards, (0, 0) moved to (0, 2).

Now consider the following similar graphs:

y=x y=(x=-2) y=x'-2
¥
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[fy:x’is written as y = f(x) then y = (x-2)° becomes y = flx—2) and_y:r}— 2 becomes y = flx) = 2.
In y = flx - 2) the curve for y = f{x) has been moved 2 units to the right, (0, 0) moved to (2, 0).
In y = flx) = 2 the curve for y = f(x) has been moved 2 units downwards, (0, 0) moved to (0, =2).



In the cases above, the same function is translated horizontally and vertically by changing the function. The same
changes may also be applied to functions involving square roots, for example:

y=J; y=«Jx+2 y=-J;+2
¥y
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If y =/ is written as y = f(x) then y=/x + 2 becomes y=fix + 2) and y = J/x + 2 becomes y= f{x) + 2.
In y= fix + 2) the curve for y = f{x) has been moved 2 units to the left, (0, 0) moved to (=2, 0).
In y=fix) + 2 the curve for y = f{x) has been moved 2 units upwards, (0, 0) moved to (0, 2).

Similarly, consider the following reciprocal functions:
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In y = fix = 2) the curve for y = f{x) has been moved 2 units to the right.
In y=f(x) = 2 the curve for y = f{x) has been moved 2 units downwards.

Ify=%iswrittcnasy=ﬁx)thcny= becomes y=fix - 2) andy=%-2bccommy=ﬁx]-2.

Hence the graph of y = f(x + b) is just the graph of y = f{x) moved b units to the left.
Also the graph of y = fix) + ¢ is just the graph of y = f(x) moved ¢ units upwards.

MAKING CONNECTIONS &

Horizontal translation of the graph of a function
Move the slider to explore the effect of changing b on the graph of a function fix + b).



MAKING CONNECTIONS O

Vertical translation of the graph of a function
Move the slider to explore the effect of changing ¢ on the graph of a function fix) + c.

Example 1
On the same set of axes, for 0 < x < 27, draw the graphs of:
(@ y=sinx (b) yzsin(x-i-%) (c) yzsin(.t—%)
Solution
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EXERCISE 15.1 TRANSFORMATION OF GRAPHS USING y =f(x + b) AND y =fi(x) + ¢

For the following questions, graphs may be drawn using a table of values or appropriate graphing software.

1 On the same diagram, draw the graphs of:

(a) y=x1,y=(x-2}:,y=x2-2 (b) }'=J;.y=w1x-4.y=~/;-4
ok e B e asauea cooana o TN o =

(c) e} e e (d) y=cosx,y Los(a+6).y cos(x 3)f0r0£x£2:£
2 On the same diagram, draw the graphs of:

(@) y=¢€\y=€"y=€+2 b) y=lnx,y=In(x=¢),y=lnx=-e

(€ y=e*y=e""Ly=e*-1 (d) y=In(=x),y=In(1=x),y=In(=x) +1
3 On the same diagram, draw the following graphs for 0 < x<2m

.4 /1 = - L n
(aJ ¥ =CO0Ss X, y=COs (X-E)‘y=cgs(x+3) (b) y—tanx.y—lan(x+q).y-tan(J-I}
(© y=casccx.y=cosec(x+%).y:coscc(-—%) (d) y=cosx,y=cosx+2,y=cosx—1

4 On the same diagram, draw the graphs of:

(@ y= 1,,)'= 1 ,.yzL,-l b) y=XC+x,y=(x-1P +(x-1),y=x"+x-1
X (x=1) X

(c) )'ZJx_z.yz x+2}3.y=JF+2



5 The diagram below shows the graph of y = f{x). Which of the options shows the graph of y = flx - 1)?
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Consider the following graphs:

y=x' y=2x"
y y
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If y = is written as y = f{x) then y =2x* becomes y=2f{x) and y = 2(x - 1)* becomes y = 2f(x - 1).

In y=2f{x) the curve for y = f{x) has stretched (dilated) by a factor of 2 from the x-axis.

In y=2f(x = 1) the curve for y = f(x) has been moved 1 unit to the right and then stretched by a factor of 2 from
the x-axis.



Now consider the following exponential graphs:

y=¢€ y=3¢" y=3¢€
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If y = ¢" is written as y = f(x) then y = 3¢* becomes y = 3f(x) and y=3¢"*"' becomes y=3f{x + 1).
In y = 3f(x) the curve for y = fix) has stretched (dilated) by a factor of 3 from the x-axis.

In y=3f(x+ 1) the curve for y= f(x) has been moved 1 unit to the left and then been stretched by a factor of 3 from
the x-axis.

In all these cases, the graph of y = k f(x) is just the graph of y = flx) stretched (dilated) by a factor of k.
As for the cases in the previous section, the graph of y = kf{x + b) is just the graph of y = f{x) stretched (dilated) by a
factor of k and also translated horizontally b units to the left.

MAKING CONNECTIONS o

Dilation from the x-axis of the graph of a function
Move the sliders to explore the effects of changing k and b on the graph of a function kfix + b).

EXERCISE 15.2 TRANSFORMATION OF GRAPHS USING y = kf(x) AND y = kf(x + b)

For the following questions, graphs may be drawn using a table of values or appropriate graphing software.

1 On the same diagram, draw the graph of each equation, stating the dilation factor.

(@ y=x,y=324y=3(x+2) b) y=x,y=22y=2(x-1)
(C) }':J;\yZSJ;;)'ZSU‘X—‘l (d) y:xl,y_‘:'fi—h,}-:_{xzz]

2 On the same diagram, draw the graph of each equation, stating the dilation factor.

E..t-l

2

secx scc(x-%)
{c) y=secx,y= > Wy = 3

(a) y:f,y:%,y: (b) y=sinx, y=2sinx, y=2sin (x—%) for-r<x<n

for-m<x<n

3 On the same diagram, draw the graph of each equation, stating the dilation factor.
(@ y=xX"+xy=2(+x),y=2[(x=1)+(x=1)) (b) y==x',y==38, y==3(x+2)’
(© y=x=x,y=2(x=x),y=2((x+1)=(x+1)]



4 The diagram to the right shows the graph of y = flx). y

Which diagram below shows the graph of y = 3f(x)? 54
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Consider the following graphs.
y=x y=(2x)° y=Q2(x+1))
y y y
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If y=x* is written as y = f(x) then y = (2x)° becomes y = f{2x) and y = (2(x + 1))’ becomes y = f(2(x + 1)).
In y = f{2x) the curve for y = f{x) has stretched by a factor of -;- unit from the y-axis.

In y= f{2(x + 1)) the curve for y= f{x) has been moved 1 unit to the left and then been stretched by a factor of %
unit from the y-axis.

| MAKING CONNECTIONS o

Dilation from the y-axis of the graph of a function
Move the sliders to explore the effects of changing a and b on the graph of a function f(a(x + b)).



Summary—transformations of graphs

Given y = f(x), then:

» y=flx) + ¢ translates the curve ¢ units up

« y=f{x + b) translates the curve b units to the left

» y=kfix + b) stretches (dilates) the curve by a factor of k from the x-axis

« y=fla(x + b)) stretches (dilates) the curve by a factor% from the y-axis.

The order in which transformations are performed is important. Applying transformations in a different order may
change the shape of the graph.

Example 2
(@) On successive diagrams, draw the graphs of f(x) = 2, g(x) =3f(x) and y = g(x) + 5.
(b) On successive diagrams, draw the graphs of flx) = 1%, g(x) = flx) + 5 and y = 3g(x).
(c) Discuss the differences between your final graphs in parts (a) and (b).

Solution
(a) Ax)

1-3.111-5

* 5 flo) =2 20 =32

- -3 -2 ~I_10__ 1

(b) y
254
20 + y=32+15
1
104
g‘\’)=11+5 54
S5 4-3-2-19% 1 2 3 4 s* 43249 123 4F 43209 123 4%

(c) In part (b) the vertical translation was 15 instead of 5. The dilation was the same in each case.

The order in which a series of transformations is applied to a function is important.
Reversing or changing the order can change the final function.



EXPLORE FURTHER

The order of transformations
Use technology to explore how the order of transformations changes the graph of the function.

EXERCISE 15.3 TRANSFORMATION OF GRAPHS USING y = flax) AND y = fla(x + b))

For the following questions, graphs may be drawn using a table of values or appropriate graphing software.

1

On the same diagram, draw the graph of each equation, stating the dilation and describe any changes to the
position of the original graph:
@ y=Jo.,y=y2x,.y=J2(x-3) (b) y=tanx,y=tan2x, y=tan 2(x+%)for—%£x£%
QD y=c"y="y=6"" (d) y=cosx, y=cos %.y = COs (%(x = %)) for0<x<2m
If f{x) =x", write down the new equation obtained by applying the condition given in each part. Simplify your
answer where possible.
(@) fizx) (b) fix-1) (c) fix)+3 (d) 2fix)+1 () 3f2(x+2))-4
If fix) = cos £, write down the new equation obtained by applying the condition given in each part.
(@) fizx) (b) j{x—%) © 2x) (d) fix)-1 (&) zj{”%)n
Using graphing software, draw the graphs of the new equation for each part of question 2.
The diagram to the right shows the graph of y = f(x). 21’
Which diagram below shows the graph of y = f (%)? I
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(@) On successive diagrams, draw the graphs of f{x) = x%, g(x) = 2fix) and y = g(x) = 3.
(b) On successive diagrams, draw the graphs of f(x) = x*, g(x) = fix) = 3 and y = 2g(x).
(c) Discuss the differences between your final graphs in parts (a) and (b).
(@) On successive diagrams, draw the graphs of f{x) = x + 1, g(x) = [fix))* and y =g(x) + 2.

(b) On successive diagrams, draw the graphs of f{x) = x + 1, g(x) = fix) + 2 and y = [g(x)]".
(c) Discuss the differences between your final graphs in parts (a) and (b).
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On successive diagrams, draw the graphs of fix) = x, g(x)=fi2x) and y = gx)+ 1.

On successive diagrams, draw the graphs of fix) = x’, g(x) = flx) + 1 and y = g(2x).

Discuss the differences between your final graphs in parts (a) and (b).

On successive diagrams, draw the graphs of fix) = sin x, g(x) = f{2x) and y=g(x) - 1 for 0 < x < 2m.
On successive diagrams, draw the graphs of f{x) =sin x, g(x) = flx) = 1 and y = g(2x).

Discuss the differences between your final graphs in parts (a) and (b).

On successive diagrams, draw the graphs of fix) = €', g(x) = flx - 1) and y = 2g(x).

On successive diagrams, draw the graphs of fix) = ¢', g(x) = 2flx) and y = g(x = 1).

Discuss the differences between your final graphs in parts (a) and (b).

15.4 GRAPHING RATIONAL ALGEBRAIC FUNCTIONS

Functions with the independent variable in the denominator generate curves that are not continuous and may have
asymptotes. They may not have any turning points. You need to consider what happens to the function for very large
positive and negative values of the variable.

Example 3
Sketch the graph of y = ——

1
x=2

Solution

Because x — 2 # 0, the function is not defined for x = 2, so at x = 2 there is a vertical asymptote.
Forx>2,x=2>0,s0y>0. As x — 2 from above, x — 2 is a very small positive number and so y — o=.
This can be written as: x — 2, y — oo,
Forx<2,x=2<0,s0y<0.As x = 2 from below, x = 2 is a very small negative number and so y — =eo,
This can be written as: x — 27, y — —oo.

The numerator of y = =

1

3 is never zero, so the curve does not cut the x-axis.

For x=0, y==0.5, so the y-intercept is =0.5.

As x — oo, y — 0 from above; as x — —ee, ¥ — 0 from below. Thus y = 0 is a horizontal asymptote.

For stationary points, find Q:

Hence%<0 for all x in the domain, because (x = 2)* > 0 in the domain.

Etzz-—l x#2 . '

dx dx — (x=2)*

. <0
'Ihusy=iisadccrtasingﬁmctionincach part of its domain. SR
d ) ) ) (0. -05)[
Also a‘};eﬁmthe domain, so there are no turning points. \\

Forx>2,y>0;forx<2,y<0. |
The curve is concave down for x < 2 and concave up for x > 2.

Example 4
Sketch the graph of y = x + % For what values of x is the curve concave up? What is the range of the function?



Solution
x#0: does not cut y-axis and x = 0 is a vertical asymptote.

i 1 x2+1_
y=0: x+5=0 or =0

Because x* + 1 # 0 for real x: does not cut x-axis.
As x — o0, y — x +[very small amount] — x + 0, so y — x from above.
As x — —oo, y — x —[very small amount] — x =0, so y — x from below.

. y =x is a sloping asymptote.

. ’ dy dy 1
For stationary points, find =1 e x#0

dy x2=1 .
Hence forE=D: 5 =0,s0x=-1,1 (for which y==2,2)

.. stationary points at (—=1,-2) and (1, 2).

d’y =)

S d derivative: e a )i o e

econd derivative 12 i
At (=1,=2): d—{:-Z{ﬂ

At(,2: L2-350

-~ (1,2) is a local minimum turning point.
dl
Because E;= -2—, and x # 0, there are no points of inflection.
x

The curve is concave up for x> 0.
The range of the function is real y,|y| > 2.
Consider: why is the curve between the lines x=0 and y=x?

Summary—rational algebraic function graphs

When sketching rational algebraic functions:

« identify any restrictions on the domain and the range

« find the intercepts on the coordinate axes where possible (it is usually easy to find the
y-intercept, if it exists, but it is not always possible to find the x-intercept)

« use the symmetry properties of odd and even functions whenever possible

« find stationary points and determine their nature

» find asymptotes and use them to guide the shape of the curve. Asymptotes may be
horizontal, vertical, sloping or occasionally another curve.

Remember that the shape of your graph sketches can be verified using graphing software.



EXERCISE 15.4 GRAPHING RATIONAL ALGEBRAIC FUNCTIONS

1 The asymptotes of y =

are:
x+2

A y=0andx=-2 B y=0andx=2 C x=0andy=-=2 D x=0andy=2

2 Sketch the graph of each function. For what values of x is the curve concave down? State the range of
each function.

@ y=mt3 ®) y=—

x=1

) y=

2—-x

3 (a) Show that the function y == 5 can be written as y =1+ Mo

X=- x=2

=1

(b) Hence sketch the graph of y = X > showing all the asymptotes.

4 Sketch the graph of each function, showing all turning points and points of inflection. For what values of x is
the curve concave up? State the range of each function.

4 1 8
(@ y=x+y (b) y=x-% (©) y=2x+%
5 For the function given in the sketch, state whether each statement below is 1
correct or incorrect. k
(@) The horizontal asymptoteisy=2. 2| _(_l:_i;___ﬁ__.

(b) The curve is continuous.
(c) The curve is concave up for x > 0.

(d) The equation of the functionis y =2+ % |

6 Sketch the graph of each function. For what values of x is the curve concave down? State the range
of each function.

) 1 el : )
{a) ,v_]+x+2 (b) Y= x—1 -1+X—] (C) })—I—3
7 Sketch the graph of each function, showing all turning points and points of inflection. State the range of each
function.
= = = = ==
(a) ,V—X+x-1 (b) y—x+2+x_l () » x+3+x_7
1 X1 1
(d) r=35:-3 (e) yZI-I-; (M y=|x|+?

15.5 APPLICATIONS INVOLVING GRAPHING FUNCTIONS

Graphs of functions with algebraic denominators may have asymptotes. You also have information about turning
points and points of inflection obtained by using calculus to differentiate the function. You can use all these skills
to sketch a variety of functions.

Example 5

(@) Sketch the graphof y = 4;_ T

(b) Find the equation of the tangent to the curve at the point where x=1.

(c) Find the equation of the normal to the curve at point where x=~1.

(d) Find the coordinates of the point of intersection of the tangent and normal found in
parts (b) and (c).



Solution

el Ay A
(a] 3‘“ ( ) F= 4x— 1 dx (41’-1)2
.
: x = 1: Gradient of langent:-%
1 --: x:l l:l
II ‘} 3 )
] - l
-1 "o A s s
. S T — Equation of tangent: y 3 9(x 1)
= S 9y=3=—dx+4
-1+ 4x+9y-7=0
?
(c) .tz-lzGradienloftangcnt:—;—S (d) 4x+9y=7=0 [1]
Gradient of normal = 22 125x =20y +121=0 (2]
1 4 [1] x 20: 80x + 180y — 140=0 (3]
x==l,y===
5 25 [2] x 9: 1125x — 180y + 1089 =0 (4]
Equation of normal: y+ —(:c+ 1) (3] + [4]: 1205x +949 =0
20y + 4— 1251+ 125 x==22
125x = 20y + 121 =0 37%1205
Su]:;s[il!.ltt:intr;)[l]:—lm5 +9y-7=0
gy = 12231
1205
_1359
1205
The point of intersection is |- 249 1359
1205 1205

EXERCISE 15.5 APPLICATIONS INVOLVING GRAPHING FUNCTIONS

1 (a) Sketch the graph of y= 3 tl—l
(b) Find the equation of the tangent to the curve at the point where x=1.
(c) Find the equation of the normal to the curve at point where x =~1.
(d) Find the coordinates of the point of intersection of the tangent and normal found in parts (b) and (c).

2 (a) Sketchthe curvey=x+ l , showing its asymptotes.
(b) Find the coordinates of thc turning points of y=x + = and determine their nature.
(c) What is the least value of x + -}: over the domain x > 0?

3 (a) Sketch the graph of f(x) = ¢" +4¢™. (b) For what values of x is f"(x) > 0?
(c) What is the minimum value of f{x) and when does it occur?

4 (a) Sketch the graph of f(t) = - 2 —, 1 20. (b) Show that f’() > 0 for all values of ¢ in the domain.
+3e

(c) Find lim f(t). (d) What is the range of the function?

t—3oe

5 f(x) is defined by the rule f{x) = ¢“cos x over the domain -Z < x< 2 3”

(@) Find the values of_ﬂD}.j(E).ﬂJr]. (b) Pmdf (x).

(c) Show that f'(0) = —1.['(3%) =0 andf’(-%) =0. (d) Sketch the graph of y = f(x).

(e) Find the maximum value of f{x) over the domain and the value of x for which it occurs.



6 (a) For what values of x is f{x) = log, (sin x) defined over the domain 0 € x < 2x?

(b) Find f’(x) and state its domain. (c) Find the maximum value of f{x) over its domain.
(d) Sketch the graph of y = f{x) over its domain.
7 (@ Ify=log (1+sinx),find d—yanddx—y (b) For what values of x isd—y=00ver0<x<-4rr?
gc . dI dxl i dx P i
() When is the function a maximum? (d) Explain why the function has no points of inflection.

(e) Sketch y=log, (1+sinx)for0<x<d4m

8 The concentration C of insects per square metre in a forest is given by
()= lmo[cm(ﬂ%ﬂ) - ZT - 1000, for 8 < t < 16, where ¢ is the number of hours after midnight.

(@) What is the minimum concentration of insects and when does it occur?
(b) Sketch the function for the given domain.

9 The diagram consists of a rectangle surmounted by an isosceles triangle with dimensions
as shown.
(@) Show that the height of the isosceles triangle is 1.2 x.
(b) Show that the total area of the figure is given by A = xy + 0.6x".
(c) Ifthe perimeter of the figure is 48 metres, express y in terms of x.
(d) Find the expression for A(x) as a function of x only. y y
(e) Sketch the graph of y = A(x).
(f) Find the dimensions of the diagram that give a maximum area and state that area.

13x 13x

10 The current in an electrical circuit f seconds after the power is switched on is given by
1(1)=100(1 - &) amps, t 2 0.
(@) Find the current when t=0, 0.2 and 1 second.
(b) Astincreases, describe what happens to the current. (c) Find I'(f) and draw the graph of y =I'(1).
(d) Draw the graph of y=I(t). (e) What does the graph in part (c) represent on the graph in part (d)?

15.6 GRAPHICAL SOLUTION OF EQUATIONS

There are usually standard techniques for solving equations associated with various functions, e.g. linear equations,
quadratic equations and trigonometric equations. However, there is usually no standard technique for solving
equations that combine two or more different functions, for example:

» sinx=¢' + cosx=logx
Equations like this ‘transcend’ (go beyond) algebraic equation-solving techniques and hence are called
transcendental equations. You must instead use various non-algebraic methods to find approximate solutions.
The most accurate method is to calculate numerical solutions using graphing software. Another method is to sketch
the graphs of the two functions, use the graphs to find approximate x-values of any intersection points, then use a
calculator to refine these approximate x values as closely as possible. This section extends the scope of the equations
covered in Section 12.3.

EXPLORE FURTHER O

Graphical solutions of equations
Use technology to solve transcendental equations graphically.



EXERCISE 15.6 GRAPHICAL SOLUTION OF EQUATIONS

1 By drawing graphs of the given functions, determine how many solutions exist for the given equation.

(@ y=xy=2x-1 ) y=x"y=3x+1 (€ y=x.,y=x-4
Equation: x* = 2x+ 1=0 Equation: x* = 3x-1=0 Equation: X’ = x +4=0

d) y=x',y=2 ) y=x'=-x,y=x" M y=€¢,y=x+2
Equation: x’ = 2x=0 Equation: x* = x* = x=0 Equation: ¢ =x=2=0

2 By drawing graphs of the given functions for the given domain, determine how many solutions exist for the
given equation.

(a) y=s'mx,y=% (b) y=log x,y=x-2 () y=2cosx,y=log x.
Domain: =2r< x<2x Domain: 0 x<2x Domain: 0 < x<2x
Equation: sin x _% =0 Equation: log x=x+2=0 Equation: 2cosx - log x=0

(d) y=¢' y=sinx (e) y=e™ y=sinx () y=e" y=tanx
Domain: =2r<x<2n Domain: -2r<x<2n Domain: --;5 <X< 37”
Equation: ¢ —=sinx=10 Equation: ¢ =sinx=0 Equation: ¢ = tanx =0.

3 Show graphically that the equation 8log,,(0.1x + 0.5) = 2 — x has a solution between x =2 and x = 4.
Find this solution correct to 2 decimal places.

15.7 REGIONS AND INEQUALITIES

A straight line represents a function (unless it is a vertical line). If the equation of a straight line is changed to an
inequality, then the function becomes a relation. It is no longer a straight line, but instead it can be represented
graphically by a region in the number plane.
To graph a region on the number plane:

+ Graph the equation of the region’s boundary.

» Select a point not on the boundary.

» Substitute the coordinates of this point into the equation of the boundary.

« If the point makes the inequality true, then all points on that side of the inequality will also make it true.
Shade that side of the boundary to indicate the region. (If the point does not make the inequality true, then
the points on the other side of the inequality must, so shade that side instead.)

If the inequality includes “... or equal to, then the boundary is part of the region. If the inequality does not include
... or equal to] then the boundary is not part of the region, so it should be dashed to show this.

Example 6
Graph the region in the number plane represented by each inequality.

(@ x+y21 b) x+y<l1 () x+y<1 (d) x+y>1
Solution

In each case, first draw the line x + y = 1. In parts (b) and (d), dash the line to show that the boundary is not part
of the region. Substitute the non-boundary point (1, 1) into each inequality to find the region side.

(@ x+y21 ‘ (b) x+y<1 N
Solid line I \- Dashed line 1%
251 ; 251 )
1 0 N a4 O g x
LHS=1+1=2>1 2l LHS=1+1=2>1 e,
Result true: Result not true:

shade above the line shade below the line



() x+y=1
Solid line
2>1
LHS=1+1=2>1

Result not true:
shade below the line

(d x+y>1
Dashed line
2>1
IHS=1+1=2>1

Result true:
shade above the line

The regions in (a) and (b) together make the whole number plane, as do the regions in (c) and (d) together.

The boundary line divides the number plane into three sets of points: the points on the line, the points above the line
and the points below the line. (If the inequality includes °... or equal to] then the boundary is part of the region; if the
inequality does not include °... or equal to, then the boundary is not part of the region, so it is dashed.)

Thus for the example above, the region in part (a) could be described as ‘the set of points on or above the line with
equation x + y= 1" The region in part (b) could be described as ‘the set of points below the line with equation x+ y=1.

(c) x>1

(d) x>1

or x<-1

These inequalities have only one variable, so their boundaries are either horizontal lines (as in (a) and (b)) or

(b) -1<y=<2 y

Region is between the lines

(d x>1 or y

x<-=1 24

L]
2 - ©

Example 7
Graph the region in the number plane represented by each inequality.
(a) ys2 (b) ~1<ys2
Solution
vertical lines (as in (c) and (d)).
@ y<2 y
ek
2 49 1 a*
L b
Region is below the line
(c) x>1 y '
24+
i S
B
=] == :

Region is to the right of the line

Region is outside the lines




Example 8

(@)
(b)
()
(d)

Sketch the region defined by the intersection y > x"~ 1 and y < 3x + 3.
Hence write the solution to x* = 3x -4 <0.

Solve x* = 3x — 4 < 0 algebraically to check your solution to (b).

What would be different in this process if you were solving x* — 3x — 4 < 07

Solution

(@

(b)

()

(d)

K¥=3x-4<0

Rewrite in terms of given equations: P¥=1<3x+3
Find the points of intersection of the graphs
by using simultaneous equations, setting
each rule equal to the other: (=1,0) and (4, 15)
Roots of x* — 1 =3x + 3 are: x=-1,4
Required region is between the curves: Solutionis-1 < x<4

x¥-3x-4<0
Factorise: (x+1)(x=-4)<0
The roots of x* = 3x — 4 =0 are: x==1,4

Pick a value of x between -1 and 4, e.g. x =0 and substitute into the quadratic expression.
Totestx’ =3x—4 <0 use x=0.
x=0 0*=3(0)-4<0
-4<0
Since this value makes the inequality true, it must lie in the region defined where -1 < x < 4.

Graphically, the boundary would not be included so the parabola and the lines would be dashed.
The solution would not include equality, it would be -1 < x< 4.



EXERCISE 15.7 REGIONS AND INEQUALITIES

Shade the region represented by each inequality.

1 y>2x 2 y<x+1 3 x<3 4 y21
5 y<x+2 6 2x+3y26 7T 2x+y<l1 8 0sx<2
9 -2<y<3 10 3x-4y<6 1 x—y<=2 12 2y-5x<10
13 x<15 14 —§—+§<1 15 -3<x+y<2 16 0<x-y<3
17 Which inequality defines the shaded region?
A 3x-=-2y+620
B 3x-2y+6<0
C 3x+2y-620
D 3x+2y-6<0

18 Shade the region in the number plane that:
(a) isabove the liney=3x+2 (b) ison or below the line x =2y +4=0
(c) is above the line y=-1 (d) ison or to the left of the line x =3
(e) is between the lines 2x+ 3y+6=0and 2x+3y-6=0 (f) is on or above the x-axis.

19 Describe in words the regions defined by the following inequalities:
(@) y<x+2 b) y2x (c) x>3 (d) y<4 (e) x+3y<9 () -2<x<3

20 For this graph, indicate whether each statement is correct or incorrect. ;
(@) The equation of the boundary is x + 2y - 2=0. . 21
(b) The gradient of the boundary line is % o
(c) The inequality for the regionis x + 2y =2 > 0. _2= _l'l_lol ; ‘;r ;x
(d) The inequality for the regionis x + 2y =2 <0. sl

21 (a) Sketch the region defined by the intersection y > x* = 1 and y < 3 - 3x.
(b) Hence write the solution to x* + 3x=4 < 0.

22 (a) Sketch the region defined by the intersection y < 3 = x* and y > 2x.
(b) Hence write the solution to x* + 2x =3 < 0.

23 (a) Sketch the region defined by the intersection y = x* + xand y < 2x + 2.
(b) Hence write the solution to x* = x =2 <0.

24 (a) Sketch the region defined by the intersection y < 2x—x" and y 2 3x - 2.
(b) Hence write the solution to x* + x =2 < 0.
(c) Solve x* + x =2 > 0 algebraically to check your solution to (b).

25 (a) Sketch the region defined by the intersection y = x* and y < x + 3.

(b) Hence write the solution to x* = x =3 < 0.
(¢) Solvex*—x-3<0 algebraically to find the exact solution to (b).



15.8 SIMULTANEOUS LINEAR INEQUALITIES

Two linear equations may intersect at a point. The intersection of two linear inequalities is the region common to
the two inequalities. This is the region where both inequalities hold simultaneously.

Example 9
(@) Sketch the region givenby y=x.  (b) Sketch the region givenby x + y < 2.
(c) Sketch the region commontoy=xandx+y<2.

Solution
(@ y=2x (b) x+y<2 (c) y2x and x+y<2
Test the point (0,1) Test the point (0,0) Identify common region
Test: LHS 2 RHS using (0,1) Test LHS < RHS using the point (0,0) Shade clearly, using a

y>=x,subiny=1andx=0
1 > =0, which is true.

x+y<2,wherex=0and y=0
0 + 0 < 2, which is true.

darker shading for the
common region

Shade region above line Shade region below dashed line
¥y Ay
2 2‘....‘
L don N
- e —— (L) PN
=5 ] 0 ; 2% ¥ S0 1 :':‘:
-1 -14
Example 10

Sketch the region defined by each pair of inequalities. Describe the region in words.

(@ x<2,y>-1
Solution

(b) y<x+1,x<1

Draw each boundary and shade the two regions, then shade the common region differently.

(@ x<2,y>-1

-2

The region on and to the left of the line x=2
that is also above the line y =-1.

(b) y<x+1,x<1

The region on and below the line y =x+ 1 that
is also on and to the left of the line x=1.

If the shading of different regions becomes difficult to show, you should just lightly shade the original
regions before darkening the final answer, as in part (b).




Example 11

Sketch the region defined by the three inequalities x — y 2 <1, x + 3y 2 ~1, 5x + 3y < 19. Show the points of

intersection of the lines. Describe the region in words.

Solution
To find the points of intersection of the lines, solve pairs of equations
simultaneously:

« Thelines x = y==1 and 5x + 3y =19 intersect at A(2,3)

o The lines x = y ==1 and x + 3y =~1 intersect at B(~1,0)

+ The lines 5x + 3y =19 and x + 3y =~1 intersect at C(5,-2)
The shaded region is the interior of the triangle bounded by the lines

x=y==1, x4+ 3y=~1 and 5x + 3y = 19. The vertices of the region are
the intersection points A, B and C.

A

(2,3)
Sx+3p=19

EXERCISE 15.8 SIMULTANEOUS LINEAR INEQUALITIES

1 Describe the shaded region in each diagram using both words and inequalities.

(@) d

(b)

2 e 1

L i B

x+y=1

-2 -2 =

(d) y (e)

i=-1

|
[
|
i
=]
-
T
™

2 Which of the following points is in the shaded region?

A (1,3) B (L1
c (31 D (-1,3)

3 What are the inequalities that define the region graphed in question 2?

()

()

‘ ¥
2 ula
.
Y
-
........ [..IT-_--_-___
yu=l
. “h—
=y < T 1
-1 4 x+y=1"*
]
2
y=2x
¥
R
1+ y=x

]
==
]
-




4 Graph the regions defined by each set of inequalities. State whether each of the given points is in the region.

(@ x+y<3,y<x (b) 2y>x+2,x+y>=-1 (c) x+2y28,y<7
(Di 0}) (21 3)) (-11-2) {DI 0)1 (ﬂs 1)1 (2’ 5) (0) 4]- (-ll l)l (91 2)

(d) 3y<2x+6,x+y>2 (e 4x+y<4,x=2=2 M y>3x+3,x+y<3
(2r0)1 (3’ 3)1. (4!-1) {0.0), (_3; l}- (LD} (0- 3)- (2-?)- (_1-4)

5 The two lines divide the number plane into four regions labelled on the
diagram A, B, Cand D. Indicate whether the inequalities given for each
region are correct or incorrect.

(@ A:x+y>2,x-y<~-1 b) B:x+y>2,x-y<-1
(c) Cx+y<2,x=y=2-1 d) Dix+y<2,x-y<-1

6 Shade the region defined by the inequalities. By solving the inequalities simultaneously in pairs, find the
coordinates of the vertices of the figure.
(@ y<x+2,2x+y<4,x+y22 (b) 2y—x<4,y>3x=6,3x+y>-6
€ y=2x<4,y+2x<6,y2x+2 (d) y=-3x<3,3x+4y<12,x-2y<4
(@ y2x-1,x+y<2,x20,y20 ) x+y<2,x+y2-2,x=-y<2,x=y2=2

7 Describe (in words and using inequalities) the regions that are shaded in each part. Find the coordinates of
the points A, B and C in each case by solving simultaneously.

y y=2 y=x C ¥ F
@ VAL © N i
/ B "
o - B A x+y=3 : x
1 \\r o
x+2y=6

CHAPTER REVIEW 15

1 Onthe samediagmm,dmwlhegmphs0fy=x’.,y=(x+3)3.y=x"+3-

2 On the same diagram, draw the graph of each equation, stating the dilation and other transformations from
the first graph: y=In x, y=41n x, y=4In(x + 2).

3 On the same diagram, draw the graphs for0<x<2m
(a) y=sinx.y=sin(x-—%).y= sin(x+%) (b) y=secx,y=secx—=2,y=secx+1

4 If fix) = ¢", write down the new equation obtained by applying the condition given in each part.
(@) fizx) b) fix=3) (€) fix)+1 (d) 2fix)+4 () 3f2(x+2)-1
5 Haulage Company makes frequent deliveries from Sydney to Melbourne and calculates that the overhead cost
$C depends on the average delivery speed v kmh™ according to the rule C =y + $400,

v
(a) What is the domain of this function? (b) Sketch the function for this domain.
(c) Find the average delivery speed to minimise the overhead cost.




10
1

12

13

Figure AEBFCD consists of the rectangle ABCD topped by an equilateral ~
triangle AEB on the side AB, with another equilateral triangle BFC on the side BC,
as shown in the diagram. The perimeter of the figure is 54 cm.
(@) Obtain a formula for the area of the figure, A(x), in terms of x, the length of
the side AB. o
(b) What is the domain of this function?
(c) Sketch the function for this domain. D C
(d) Find the dimensions of this rectangle when the total area is a maximum.

(@) Givenflx)=4+—— 3" 1 , find:
(i) the values of x for which flx) =0 (ii) lim flx)

(iii) the value of flx) as x>0 (iv) the equation of any asymptotes
(v) the coordinates of the stationary points and determine their nature
(vi) the coordinates of any points of inflection.

(b) Sketch the graph of y = f{x), showing the information obtained from part (a).

(@ Ify=—2%__ find:

(i) the coordinates of the stationary points and determine their nature
(ii) the coordinates of any points of inflection (i) the equations of any asymptotes.

(b) Sketch the graph of f{x) = ( x (c) Sketch the graph of y = f"(x).

X= l]2 -

x(x+1)
=1

, find the coordinates of the stationary points and determine their nature.

(x + l)

(@) Write the expression

(b) Ify= x(x_+11)

(c) Sketch the graphof y =

in the form px + g + ﬁ, where p, q and r are real numbers.

(d) On your diagram, draw the lines y=xand y=x+3.
(e) For what value of ¢ will I.he lme y=x+ ¢ not intersect the graph?
Draw the graph of y = sin 2x for *%s x s% and use it to solve: (@) sin 2x= % (b) sin2x=1-x.

(@) On successive diagrams, draw the graphs of f{x) = x*, g(x) = f(3x) and y = g(x) = 2.

(b) On successive diagrams, draw the graphs of fix) = x*, g(x) = f{x) = 2 and y = g(3x).

(c) Discuss the differences between your final graphs in parts (a) and (b).

(@) On successive diagrams, draw the graphs of f{x) = cos x, g(x) = [f{x))* and y=g(x) + 1 for 0 < x < 21
(b) On successive diagrams, draw the graphs of f{x) = cos x, g(x) = fix) + 1 and y= Lg(x}]2 for0<x<2m
(c) Discuss the differences between your final graphs in parts (a) and (b).

(@) Sketch the region defined by the intersection y 2 x* + 4and y < 2x + 4.
(b) Hence write the solution to x* = 2x < 0.



CHAPTER 15 2 (a)

EXERCISE 15.1
1 {a)




(b)

4 (a)

y=cosx

y
15+

(c)

i(:+2F

=

Jll-l_‘l-
=154

3 (a)




EXERCISE 15.2 2 (a)
1 (a '

—

! y=% The dilation from the x-axis for the second and third graphs
y=3es 2P o hushclur%.
-2 0 E (b) o
The dilation from the x-axis for the second and third graphs =1
has factor 3.
(b) y
24
y=2—f | The dilation from the x-axis for the second and third graphs
J , has factor 2.
[ ()

The dilation from the x-axis for the second and third graphs

has factor 2.
© »
y:S\’x_
y=5Vx—14
| o
| The dilation from the x-axis for the second and third graphs
! has factor L.
0 4 x 3 (a) 4
The dilation from the x-axis for the second and third graphs
has factor 5.

(d) y=2F+x)

y=x‘+x

o
The dilation from the x-axis for the seco dlﬂilhh'ds Fhl Thcdﬂnimfmmthx-athorlheicmndandlhirdm
1 has factor 2.



The dilation from the x-axis for the second and third graphs
has factor 3.

=1 «
y=2[(x+ 1)~ (x+ 1)}

The dilation from the x-axis for the second and third graphs

has factor 2.
4 B
EXERCISE 15.3
1 (a » -
=V2x
y /;:,;
y="2x=3)
o i X
The dilation from the y-axis in the second and third graphs
has a factor of 0.5. The third graph has also undergone a
translation of 3 units to the right.
(b)

ST TTEMT T T

\‘R_
S 11
-

The dilation from the y-axis in the second and third graphs
has a factor of 0.5. The third graph has also undergone a
translation of Z units to the left

The dilation from the y-axis in the second and third graphs
has a factor nf%."lhctl:irdgnph has also undergone a

translation of 1 unit to the right.

@ 7
| —

-erd(e-3)
sl

=
2

The dilation from the y-axis in the second and third graphs
has a factor of 2. The third graph has also undergone a
translation nf% units to the right.

y=cos

(@) f(2x) = (2x)’ =8¢ b fx=1)=(x=1)

©)f(x)+3=x"+3 (d)2f(x)+1=2¢"+1

(€) 3f(2x+2) =4=3[2x +2) = 4=24(x+2)" =4

(@) f(2x) = cos x (b) f(x+ %} = cos %(x +%]

(c) 2f(x) = 2cos % {d) flx)=1=cos %- 1

(e)2 x+%)+l=2ﬂbs%(x+%)+l
]

(a)-(e) | X
y{(2x)?




5 A
6 (a)

10 +

-8 217 1 2

<3 o
<3 o

(c) The final graph in part (b) has been moved down 6 units,
whereas part (a) was moved down 3 units. They have the

7 (@

(b)

same dilation.

ey

&x)

10 +
8+

6-/
44
Tx)=x4+3

-l

(R 3

y * -?—6—5—4—3—2—1_20

(c) Both curves are parabolas. The vertex in part (a) is at (=1, 2), whereas the vertex in part (D) is at (=3, 0).

b
-+
1

2 3%



8 (a) y fix) y
1T fg=x 1 4
3 3+ 3
8{1]:8&"
3 L 2 4 2 y:&lji-l
1+ 1+ r
-2 s I T 1 a* 3 _ID_ Y
-3
=3 o
(b) fx) glx) y
i1 fo=2 i+ 4 -
34 I+ 34
24 2 =4 2 4 y:&r‘-l-l
14 /J— =241 }»-
t + t - + o + $ t 1 ) t #
-2 1 2 -2 E gl 1 2 2 ] 1 2
- -2
-3 <+ -3 4
(c) The final graph is the same in each case.
9 (a)fx) g
K fix) = sin x =1
Of £ x 3t A\seazfhe* O x
4 2 4 2 "
=1 + -1
-2+ -2 4

(c) The final graph is the same in each case.

10 (a) fix)
5.

4 4
3 S
2 -

&lx)




(b) 0 #lx)
5 4 5 4
4 44
3 4 34
21/ Ao=¢ 24 gn=2¢
1 1
'—b—#—i—l—l—- ————
dF3ga%N 1 a?* 3339 %k x
(c) The final graph is the same in each case.
EXERCISE 15.4
1A
2 (a) (b) ¥ (c) y x>2 range:realy,y#0
:
: "
i '
' LS
==__D i x 0 2 X
L]
x<=2 range:realy,y#0 x<1 rangeirealy,y=0
1 x=2+1_ x=-1 6 (a
2 M _eicilad @ y (a)
1 B M- e P
0 Tes4aNIA0 132 3%
1 ]
y=l+‘_*2 : -2
x<=2 nng::rea-.'ly
4 (a) y \//(bl y (b)
"; 0 x '11(1 X
ﬁ(-l.d)
no inflections, x > 0 no turning points,
range: real y, y|22 no inflections, x<0
range: real y ()] x<3 range:realy, y#1
() y s noinflections, x>0
e rmgc:mlly.|y|28
{2.82.’
Sy=2x
) x
(-2.-8)
/4 7 (a) s, (b)
5 (a)correct (b) incorrect (c) correct (d) correct ' po
s Y=x
.~0| 3 x




(c 7” 2 (a)
(8.1
y=x+3 24" x
(6.8)
0 l? x
range: y<-8,y212
(e) y
P (2,1)
y== _Z_ 1 _x*=1_(x+1){x=1)
o B e {b} e g g 2
.--=""lo » ud
(-2,-1) For stationary points, g{- =kx==%l
x=lLy=2x==ly==-2
dy_2
range: y<-1,y21 F‘?
d*y
EXERCISE 15.5 x=li—5=2>0
1 (a) y hﬁnlmut;lmrnlngpoinlal(l.l)
x==1:2L=2<0
Maximum turning point at (=1,-2)
(c)2
3 (a)

-ll3

b) & = =2
(]dl' (2x=-1)
x=1:—:§=-2
x=1y=1
Equation of tangent: y— 1 ==2(x = 1) -
2x+y=3=0
Qx=—t: Y =2 e ol _
dx ecurve y=4¢ is the asymptote, on the right
Gradient of normal = 2 the curve y=¢‘islhe asymptote.
2
==, y==i b)f(x)=e-ge™ = =4
xm-l,yu—s , ) f pr
Equation of normal: y + -——(x+1) Foe stat} mls.dy-t}- BN W il
6y +2=27x+27 i R el
27x=6y+25=0 t‘=215thccmlysnlminn.
(d)2x+y~3=0 [1] r'=2—bx=1n2
27x =6y +25=0 (2] fx)>0forx>In2
[1] %6 12x+ 6y = 18=0 (3] (c) The minimum value of f(x) is 4 and it occurs when x=1n 2,
[2] +[3):39x+7=0 4 (@ 7”
=t
T3
Substitute into [1]: —-—ﬁ-+y-3 =0 7 5 i1 SRR
5
=5 N
2 131
Point of intersection is | = 39 39 - -




=i
(b) 1*]=L =£°ﬁ=-_l=—l i =X
f {2"‘3‘___); (c)x 2 B " Tl 2‘;050mmmumwhmx >
2
¢ >0 for all values of t, the denominator is always positive so =5T!:d—‘:=l—T]—-5-:ﬂsnmaﬂmumwhmx-5T’r.
£(0)> 0 for t 2 0. dx A =
(c) As t = eo then f(t) = 2.5. (d) :Oformyvalueo[xsn—{tofwmyvaluedx.
(d)1<f(n<25 l+stn dx
x - Hence no points of inflection.
@fo=1./3)=0.fm=— g
{b) f*(x) ==¢""cos x = ¢”"sin x =—¢"{cos x + sin x)
) f(0)==1x1=1x0=~1 4 /_._\ .
m_ Ix =11 0 F i S X
(3.7)__, e 1 ,=_¢'_.‘ ]-0 3 3y

4
(d) ¥

' \ 8 C{r}=1uoo[cos(£l'2'"—sl)+z]’-looo.£orasrsw

o oo 52| 2

f'{- x )=_£ﬂ°"-%*-"%] - e‘ﬂi”%] -

TR R SR
.---___---_H.'E.___-.

x o :I x 3'1 =
2 1 2 ==10007sin ("“2"”) [cos [’('2'3))+ 2]
&) f"(x)= e"(cosx+sinx}-e"(-ﬁnz+cmx)=2e"sinx %=0:ﬁn(ﬂ+-sl)=0mcm(@)=-2
x--—f"(-ﬂ 234 ( '— @—19 —‘“z-s}=0,:r.2x.3n;-lx
Manmumlurningpmmwhcnx % t-8=0,t-8=2t-8=4,t-8=6,1—8=8
[_} t=8§, 10, 12, 14, 16
-l Tanlf)_ et = I(l-ﬂ])_
=e = 1.55 - . = =
f( 4) 75"' t 8.12.16.005( 3 1
(a) f(x) =log, (sin x). Require sin x>0, s00<x<m l=1&cm(@)=cmn=—l
py_ COBX ;
(b}f'{x)- iy ok KRl i;ﬂ-:x-: - = 14: cos ("—u'a})=cu¢ Ir=-1
) f (x):ﬂwhencotr:l]sox:i. 2
"(x) ==cosec’ x The least value of C(f) will occur when t= 10, 14.
”(1)--«::&: -1<0 Minimum concentration = 1000[cos T+ 2)* = 1000 =0
5= =
=X in El= b) an
Maximum value of f(x) when x 2'islcrg‘,(nﬂ 2) 0 ( ?m"
@ » '
1 [l L
0 x > 20 X
2 "
L]
! 4000 4
i
(]
1
a)y=log (1+sin —
”‘:y 8. ( * o 8§ 10 12 14 16 '
__Cosx
= : 2
o T o () +(%) =160¢
u=-mx[1+shx)-cmxxcmx
dx’ (1+ sinx ) I = 1.69x" = 0.254"
=—=inx-sin:.t—cmzx=-(l+sm:t}= =1 :fjll'::'xl 1.3x
(1+sinx)? (1+sinx)® l+sinx =
& Ry [b)A=.ty+Exxxilx
= _T 3t 5x Ix
(b]I-thmmx-ﬂ.x-i,T. 5 but y is =xy+ 0.6 -
i Ix 2
undefined for x =X, 7%, () 2y +x+ 26x=48 :
Hence x=X, 3% 2y+36x=48
2

2 y=24~-18x



(d) A(x) = x % (24 = 1.8x) + 0.6x°
=24x=1.2¢

(e) A

o 10 0 *

() Maximum area when x = 10 m, y = 6 m, equal sides of the
isosceles triangle 13 m.
Maximum area = 120 m*

10 Kt)=100(1 = ™)

(a) I{0) = 100(1 = 1) =0
1(0.2) = 100(1 — €)= 63.2 amps
1) =100(1 =) =993 amps

(b} As t increases the current approaches 100 amps.

(c) I'(t) = 100 x 5¢~ = 500>

()
m e
o 1 2 3 !
(d 10
100 -
50 -
o} 1 2 y ¢

() The graph of I'(f) shows the gradient of I(t) over time. The
gradient graph shows the current increasing rapidly at the
start then staying practically the same.

EXERCISE 15.6
1 (a

Graphs touch, equation has one solution.

(b)

(©

Graphs do not intersect so equation has no solutions
(d)

(e)

Graphs intersect 3 times. Equation has 3 solutions.



(b)

Graphs intersect twice, equation has two solutions.

Graphs intersect 3 times. Equation has 3 solutions.

F
4+

19 23456°%

Graphs intersect twice, equation has two solutions.

(c) y
44

Graphs intersect twice, equation has two solutions.
If the domain of 2cos x had been 0 < x < 3, the equation
would have had 3 solutions.

(d)

b

2./\,\ ;?a/ﬁ\}\/f ;

Graphs intersect 3 times, equation has 3 solutions.

(€

AN \N

¥

{f [

Graphs intersect twice, equation has two solutions.
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EXERCISE 15.7

1 r 3 2 ¥
i+ ) i+
/
24 J' 2-- 'a'
’ .
14 i
r -
L | Il L 4 1 1
L L r 1 |
0 x T "I L L)
=2 =1 7 1 2 _;J_Io 1 2
e e o -]
- e s
=2 o -, T
3 ]
3 4 y
FEE N
3 24
24 3
1+ ————
) S : = T
L) L) T L]
22 4




17 A

5 6 y
4 18 (a)
3
2
1
Skt
-1_1°+ 1 2 o3 N
’
v
7 L 7 8 y (© y @
v 3 3B Lk .
s . 1+ 3
A 14+ 2
1 1= d—|—|—6|—1—|—l- 1
1 1 ‘- L I L 1 L ..:15:1[---1-;.{ ._'_...
200 2 2 -1 OB * A SR <
L]
_: ‘\‘ -2"-
L]
8 i 10 ;
3 L
214+ 24+
3+ 1+
(8] X [¢] x
20 12 2 7 ¥ 2
...... B St A 2 19 (&) The region below the line y = x+ 2.
! (b) The region on and above the line y = x.
(c) The region to the right of the line x=3.
1 y P 12 i (d) The region on and below the line y = 4.
3 o 5 () The region on and below the line x+ 3y =9.
4 ‘;' (f) The region on and to the right of the line x = =2 that is also to
4 ‘ the left of the line x= 3.
'..’l '-'3 20 (a) correct (b) incorrect (c) incorrect (d) correct
1 - r 21 (a
CEOREE F -
= ¢
-2 1 PR |
L ¥ a L] L] x
e | MRORT
# 4
L
13 y 14 2
4+ 33
"
3+ 245
24 14
T —t s
- i LR (b)—4<x<1
FEET 2 3 4 - 1 22 (a)

(b)=3<x<1




23 (a)

(b)=1<x<2
24 (a)

b) ¥ +x=2<0
3x=2<2x =2
=2<x<]

)X +x=-2<0
(x+2)(x=1)<D
Roots: x==2, 1
test using x=0
0+0-2<0
-2 <k true
Solutionis=2<x<1

25 (a)

b)<x+3
X=x=-350
-13£x<23

(c) Solve x* =x=3=0
"u;fl_s
test using x=0
0-0-3<0
=3 <0: true

Solution is ";’Esx < “jﬁ
=1.303<x <2303

EXERCISE 15.8
1 (a) The region on and to the right of the line x=~1 that is also

below the line y=2.

(b) The region on and above the line x + y = 1 that is also on and
below the line y=x+1.

(c) The region above the line y =1 that is also above the
line x+y=1.

() The region on and to the right of the line x = =1 that is also to
the left of the line x=2.

(€) The region on and below the line y = 2x + 2 that is also below
the line x +y=2.

(f) The region on and above the line y = x that is also on and
below the line y= 2x.

2.C 3 x+y23ysx+1
4 (a) yes, no, yes (b) no, no, yes
¥ ok
4 o i4
3 -
2 ‘\~ '!--f
1 Mt
,-3-2-1_;\_:’1 g'"
= IR ashy * 21,
(d) no, yes, yes

(f) no, no, no
Al
LY
\\ y ’
h“ :
‘\‘!
.
U ~
1
14+
e
-z-,‘l_lo__ 1 2 3%
&
L]

5 (a)correct (b) incorrect (c)correct (d) correct

6 (a) y y=x+22x+y=4
x+x+2=43x=2:

vertices: 2,22} 2.00.0,2)

Qy=x=4,y=3x=-6;
6x—12—-x=4,5x=16:
=3l ,=33
1-35.}'-35
2y=x=4,Ix+y==6
6x—12=x=4,7x=-16:
==22 y=8
x= 27.}' 7
vertices: 3L 33) (22 &
(3533} (3.5
0,-6

e

)



(c) vertices: (=2,0), (05, 5), (1%. 3%)

td] vertices: (-21-3}' [4-0)‘ (n- 3]
ry ./
o L)
3‘,;
r
2
[}

i4 .

-

(e} vertices: (0,0), (1,0),
(1.5,0.5), (0,2)

(f) vertices: (=2,0), (0,2),
(2,0), (0,-2)

7 (a) the region bounded by the lines y=x, x=2and y=1;
y<x,x<2,y2 1;A(2,2), B(2,1),C(1,1)

(D) the region bounded by the lines y=2x, y=xand x + y=3;

y<2x,y2x, x+y<3;A(0,0), B(1,2), C(1.5,1.5)

(c) the region bounded by the lines y = %H.. y= %Hmd
x+2y=6 y5§+l.y2§+l,x+2y$6;A{0.]).B(2.2).
C(3,15)

-HAPTER REVIEW 15
1

Y |
54
y=(.t+3]’. /

|
u
|
i
U
"

y=d4In(x+2) _—

4In2=277_~ -
~ ~y=4lnx

y=Inx

The dilation from the x-axis for the second and third graphs has
factor 4.

3 (a) fix)4 yzsinx

14 N y=ﬂintx-£) E

5a

X

4 @fe)=¢" b)fx=3=e"" Ofx)+1=¢+1

(d)2f(x) +4=2e"+4 (&) f2Ax+2)=1=""T=]

5 C=v+
(a)0<v<110
b) €
400 <+
300 4+
C=v4——
200 -
100 + e
_-"'- C=v
0 w00 ¥
6400
i
dC 6400
et
V' = 6400
v=80

Average speed is 80 kmh™.



6 (a)LetBC=ycm
AB=AE=EB=DC=xc¢m
BC=BF=FC=AD=ycm
Ix+3y=54
x+y=18

=]8=x

A=xy+ 3 sin 60°+ 3y sin 60°

A(x}—x(18~x}+x’x-i—x'ﬁ +(18= ,)‘x.l..x%

lax-x‘+3!—5x*+mf 9J'x+"r 2

=-(-£i_-?:}-x‘ +9[2-J§)x+slﬁ

(b) The domainis 0 <x < 18.
c r
200 +Alx) = 32-2):*+9(2-~'§1z+s|ﬁ

I 4 4 i i
T T T T

10 20 30 40 50 *

(d}%=(ﬁ-2}t+9{2-<ﬁ]
%:ﬂ:(ﬁ-z)x+9(2-ﬁ)=ﬂ

x=9
The rectangle becomes a square of side 9 cm when the area is

a maximum,
7 @ ) fl=4+3271
X

3x=1_

x

495 +3x=1=0

(4x=1)(x+1)=0

==1,=
(i) Asx oo, f(x) >4
(iii) f(x) is undefined at x =0, it approaches —oe,
(iv) Asymptotes are x=0and y=4

1- - — —

(v) f’h')=ﬂ+3x {3:‘ 1}x2x=3x G!x+2=2 ’3":

X X

. 1
ftx)=&x=%-.v=6f
=3x° = (2-3x)x3x _ -3x-6+9x _ 6{x—1)

= TSl Shemor ey ol
oY
(%.6%} is a maximum turning point.
(vi) f*(x) =0 when x = 1.
f”(%)-:o
@)= 6xl>0

Concavltychu\gcsalx=l so (1, 6) is a point of
inflection.

(b) y [2

8 (a)ify=y

4x
(x=1)
[I} dy _ 4(.:'-1)‘2-41:): 2(x-1) _ -‘HI*U
(x=1)* (x=1)
For stationary wim%=&x=-l.y ==1

dl),_—-i({x-l)’-(xﬂ))(?f(x-l}z)
d (x=1)°
_=Hx-1-3x-3) B8(x+2)
T (=0t (x=1)
x==1: _.l_m:.o

&hnlmum turning point at (=1, -1).

8
=0 xm=2, ym=3,
[ll) x R=—

x—-l:ﬁbﬂ
d.\':

2
d)'_-s(n

x==3 — ==

dx 4

Concavity changes at x ==2 so =2, —)lsapmntof
inflection.

i) x=1,y=0
(b) ¥

L R R Rk

('2‘ '%) [-fh—ll

-4(“1)
-1y
y

€)1 f"(x)=

41

.r=ﬂ15)(

219

B Ik W S
L



11 (a)

9 f}i@l x + X +‘.‘] F]I"'(r-‘ﬂ

.pu:+q+ l=

x=1
p=l.gq= Z.r—z,.

x(x+1) 2
_I""'l = +2+_""l

x[.t-i-l} 2
(b) y= x=1 T
-
dx (x=1)

;i-'.-.u: (x=10 =2 x=1=%/2,x=122
x=1+J'2-.y=i+J5+2+72-=3+2J5
gul=dl yal=VZ+2+—2mui=22

J_-
dy 4
;i_x%-“(x-l}

.|:=1+-J_ Q=T

Minimum turning point at (1 +42,3+242)

W 3 S

x=1 E .{11 m:ﬂ
Maximum turning point at (1 - v2, 3= 242)
(c) (d) t

=3 =1 -1l

(e) c=2. y=x+ 2 is the sloping asymptote.

10

(b)

ta}Thcgraphsy:sinltandy=§inlcrscdallhm places:
when x=0and near x=+04ror £1.3.
More accurate solutions using technology give
x=0,20437or £1.34.

(b) The graphs y = sin 2x and y = 1 = x intersect at one place:
near x=0.1mor 0.3.

A more accurate solution using technology gives
x=0.11xor0.35.




(c) The graphs are the same.

12 (a) Ax)
4+

£
‘d—
3 <
2+
i ﬂ)::u’x
5
a—]
Of = x 3z x 52
4 2 4 4

=] ==

glx)

41
314
. g(x}-cas:x-rl
1 +
O s x 3x x50 37 20 *
4 2 4 + 2 4
14
(b) Ax)
4 4

z
k] é

=] +

glx)
4 <

-l o
ol

gx)=cosx+1

Ll L]
[(STET
=%

£
=7

el

glx) = (cos x + 1)

7z 2 ¥
4
H X
4

e+
I o



(c) The final graphs in each part are completely different due to
the time the squaring is done.

13 (@




